Introduction {#Sec1}
============

Motivation {#Sec2}
----------

There is a rich history of explicit computation of hypergeometric functions associated to certain pencils of algebraic varieties. Famously, in the 1950s, Igusa \[[@CR29]\] studied the Legendre family of elliptic curves and found a spectacular relation between the $\documentclass[12pt]{minimal}
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                \begin{document}$${}_2F_1$$\end{document}$-hypergeometric Picard--Fuchs differential equation satisfied by the holomorphic period and the trace of Frobenius. More generally, the link between the study of Picard--Fuchs equations and point counts via hypergeometric functions has intrigued many mathematicians. Clemens \[[@CR11]\] referred to this phenomenon as "Manin's unity of mathematics." Dwork studied the now-eponymous Dwork pencil \[[@CR20], §6j, p. 73\], and Candelas--de la Ossa--Rodríguez-Villegas considered the factorization of the zeta function for the Dwork pencil of Calabi--Yau threefolds in \[[@CR9], [@CR10]\], linking physical and mathematical approaches. More recently, given a finite-field hypergeometric function defined over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Q}}$$\end{document}$, Beukers--Cohen--Mellit \[[@CR3]\] construct a variety whose trace of Frobenius is equal to the finite-field hypergeometric sum up to certain trivial factors.

Our context {#Sec3}
-----------

In this paper, we provide a complete factorization of the zeta function and more generally a factorization of the *L*-series for some pencils of Calabi--Yau varieties, namely families of K3 surfaces. We study certain Delsarte quartic pencils in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {P}}^3$$\end{document}$ (also called *invertible pencils*) which arise naturally in the context of mirror symmetry, listed in (1.2.1). Associated to each family, we have a discrete group of symmetries acting symplectically (i.e., fixing the holomorphic form). Our main theorem (Theorem [1.4.1](#FPar1){ref-type="sec"} below) shows that hypergeometric functions are naturally associated to this collection of Delsarte hypersurface pencils in two ways: as Picard--Fuchs differential equations and as traces of Frobenius yielding point counts over finite fields. Here, we write $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _n$$\end{document}$ for the group of roots of unity and *H* is a designated subgroup of symmetries of the family. The labels $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {L}}$$\end{document}$ stand for "Fermat" and "loop," respectively.

In previous work \[[@CR18]\], we showed that these five pencils share a common factor in their zeta functions, a polynomial of degree 3 associated to the hypergeometric Picard--Fuchs differential equation satisfied by the holomorphic form---see also recent work of Kloosterman \[[@CR36]\]. Also of note is that the pencils are also related in that one can take a finite group quotient of each family and find that they are then birational to one another \[[@CR7]\]. However, these pencils (and their zeta functions) are *not* the same! In this article, we investigate the remaining factors explicitly (again recovering the common factor). In fact, we show that each pencil is associated with a distinct and beautiful collection of auxiliary hypergeometric functions.

Notation {#Sec4}
--------
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                \begin{document}$$\diamond \in {\mathcal {F}}=\{{\mathsf {F}}_4,{\mathsf {F}}_2{\mathsf {L}}_2,{\mathsf {F}}_1{\mathsf {L}}_3,{\mathsf {L}}_2{\mathsf {L}}_2,{\mathsf {L}}_4\}$$\end{document}$ to signify one of the five K3 pencils in (1.2.1). Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi \in {\mathbb {Q}}{\smallsetminus } \{0,1\}$$\end{document}$. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$S=S(\diamond ,\psi )$$\end{document}$ be the set of bad primes in (1.2.1) together with the primes dividing the numerator or denominator of either $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\diamond ,\psi }$$\end{document}$ has good reduction at *p*, and for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} P_{\diamond ,\psi ,q}\left( T\right) :=\det \left( 1 - {{\,\mathrm{Frob}\,}}_p^r T \,|\, H_{\acute{\hbox {e}}\text {t},\text {prim}}^2\left( X_{\diamond ,\psi },{\mathbb {Q}}_\ell \right) \right) \in 1+T{\mathbb {Z}}[T] \end{aligned}$$\end{document}$$be the characteristic polynomial of the *q*-power Frobenius acting on primitive second-degree étale cohomology for $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell \ne p$$\end{document}$, which is independent of $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$. (Recall that the primitive cohomology of a hypersurface in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {P}}^n$$\end{document}$ is orthogonal to the hyperplane class.) Accordingly, the zeta function of $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\diamond ,\psi }$$\end{document}$ over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {F}}_q$$\end{document}$ is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Z_q(X_{\diamond ,\psi },T) = \frac{1}{(1-T)(1-qT)P_{\diamond ,\psi ,q}(T)(1-q^2 T)}. \end{aligned}$$\end{document}$$The Hodge numbers of $\documentclass[12pt]{minimal}
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                \begin{document}$$P_{\diamond ,\psi ,q}(T)$$\end{document}$ has degree 21. Packaging these together, we define the (incomplete) *L*-series$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L_S(X_{\diamond ,\psi },s) :=\prod _{p \not \in S} P_{\diamond ,\psi ,p}(p^{-s})^{-1} \end{aligned}$$\end{document}$$convergent for $\documentclass[12pt]{minimal}
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                \begin{document}$$s \in {\mathbb {C}}$$\end{document}$ in a right half-plane.

Our main theorem explicitly identifies the Dirichlet series $\documentclass[12pt]{minimal}
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                \begin{document}$$L_S(X_{\diamond ,\psi },s)$$\end{document}$ as a product of hypergeometric *L*-series. To state this precisely, we now introduce a bit more notation. Let $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Z}}$$\end{document}$ are disjoint. We associate a field of definition $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$, which is an explicitly given finite abelian extension of $\documentclass[12pt]{minimal}
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                \begin{document}$$t \in {\mathbb {F}}_q$$\end{document}$, there is a *finite-field hypergeometric sum*$\documentclass[12pt]{minimal}
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                \begin{document}$$H_q(\varvec{\alpha };\varvec{\beta }\,|\,t) \in K_{\varvec{\alpha },\varvec{\beta }}$$\end{document}$ defined by Katz \[[@CR31]\] as a finite-field analogue of the complex hypergeometric function, normalized by McCarthy \[[@CR39]\], extended by Beukers--Cohen--Mellit \[[@CR3]\], and pursued by many authors: See section [3.1](#Sec17){ref-type="sec"} for the definition and further discussion, and Sect. [3.2](#Sec18){ref-type="sec"} for an extension of this definition. We package together the exponential generating series associated to these hypergeometric sums into an *L*-series $\documentclass[12pt]{minimal}
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                \begin{document}$$L_S( H(\varvec{\alpha };\varvec{\beta }\,|\,t), s)$$\end{document}$: see Sect. [4.1](#Sec32){ref-type="sec"} for further notation.

Results {#Sec5}
-------

Our main theorem is as follows.

### Main Theorem 1.4.1 {#FPar1}

The following equalities hold with $\documentclass[12pt]{minimal}
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                \begin{document}$$S=S(\diamond ,\psi )$$\end{document}$. For the Dwork pencil $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L_S\left( X_{{\mathsf {F}}_4,\psi }, s\right)&= L_S\left( H\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0, 0, 0\,|\, t\right) , s\right) \\&\qquad \cdot L_S\left( H\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, t\right) , s-1, \phi _{-1}\right) ^3 \\&\qquad \cdot L_S\left( H\left( \tfrac{1}{2}; 0 \,|\, t\right) , {\mathbb {Q}}\left( \sqrt{-1}\right) , s-1, \phi _{\sqrt{-1}}\right) ^6, \end{aligned}$$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \phi _{-1}(p)&:=\biggl (\displaystyle {\frac{-1}{p}}\biggr ) = (-1)^{(p-1)/2}&\text { is associated to } {\mathbb {Q}}(\sqrt{-1}) \,|\, {\mathbb {Q}}, \text { and} \\ \phi _{\sqrt{-1}}({\mathfrak {p}})&:=\biggl (\displaystyle {\frac{\sqrt{-1}}{{\mathfrak {p}}}}\biggr )=(-1)^{({{\,\mathrm{Nm}\,}}({\mathfrak {p}})-1)/4}&\text { is associated to } {\mathbb {Q}}(\zeta _8)\,|\,{\mathbb {Q}}(\sqrt{-1}). \end{aligned} \end{aligned}$$\end{document}$$For the Klein--Mukai pencil $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L_S\left( X_{{\mathsf {F}}_2{\mathsf {L}}_2,\psi }, s\right)&= L_S\left( H\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0, 0, 0\,|\, t\right) , s\right) \\&\quad \cdot L_S\left( {\mathbb {Q}}\left( \zeta _8\right) \,|\,{\mathbb {Q}},s-1\right) ^2 L_S\left( H\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, t\right) , s-1, \phi _{-1}\right) \\&\quad \cdot L_S\left( H\left( \tfrac{1}{2};0 \,|\, t\right) , {\mathbb {Q}}\left( \sqrt{-1}\right) , s-1, \phi _{\sqrt{-1}}\right) \\&\quad \cdot L_S\left( H\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, t^{-1}\right) , {\mathbb {Q}}\left( \zeta _8\right) , s-1, \phi _{\sqrt{2}}\right) , \end{aligned}$$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Q}}(\zeta _8)$$\end{document}$ and the Riemann zeta function.For the pencil $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_2 {\mathsf {L}}_2$$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} L_S\left( X_{{\mathsf {L}}_2{\mathsf {L}}_2,\psi }, s\right)&= L_S\left( H\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0, 0, 0\,|\, t\right) , s\right) \\&\quad \cdot \zeta _{{\mathbb {Q}}\left( \sqrt{-1}\right) }\left( s-1\right) ^4 L_S\left( H\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, t\right) , s-1, \phi _{-1}\right) \\&\quad \cdot L_S\left( H\left( \tfrac{1}{8}, \tfrac{3}{8}, \tfrac{5}{8}, \tfrac{7}{8}; 0, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}\,|\, t\right) , {\mathbb {Q}}\left( \sqrt{-1}\right) , s-1, \phi _{\sqrt{-1}}\phi _{\psi }\right) , \end{aligned}$$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \phi _{\psi }(p)&:=\biggl (\displaystyle {\frac{\psi }{p}}\biggr )&\text { is associated to } {\mathbb {Q}}(\sqrt{\psi })\,|\,{\mathbb {Q}}. \end{aligned} \end{aligned}$$\end{document}$$For the pencil $\documentclass[12pt]{minimal}
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We summarize Theorem [1.4.1](#FPar1){ref-type="sec"} for each of our five pencils in (1.4.5): We list the degree of the *L*-factor, the hypergeometric parameters, and the base field indicating when it arises from base change. A Dedekind (or Riemann) zeta function factor has factors denoted by-.
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                \begin{document}$$\psi $$\end{document}$): For K3 surfaces, we used code written by Costa \[[@CR14]\], and for the finite-field hypergeometric sums we used code in Pari/GP and Magma \[[@CR8]\], the latter available for download \[[@CR49]\]. See also Example [4.8.3](#FPar107){ref-type="sec"}.
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The remaining factors in each pencil in Main Theorem [1.4.1](#FPar1){ref-type="sec"} yield a factorization of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_1 {\mathsf {L}}_3$$\end{document}$ still unresolved.) Our theorem yields an explicit factorization of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_{\diamond ,\psi ,q}(T)$$\end{document}$ for the Dwork pencil over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Remark 1.4.8 {#FPar2}

Our main theorem can be rephrased as saying that the motive associated to primitive middle-dimensional cohomology for each pencil of K3 surfaces decomposes into the direct sum of hypergeometric motives as constructed by Katz \[[@CR31]\]. These motives then govern both the arithmetic and geometric features of these highly symmetric pencils. Absent a reference, we do not invoke the theory of hypergeometric motives in our proof.

Contribution and relation to previous work {#Sec6}
------------------------------------------

Our main result gives a complete decomposition of the cohomology for the five K3 pencils into hypergeometric factors. We provide formulas for each pencil and for all prime powers *q*, giving an understanding of the pencil over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Q}}$$\end{document}$. Addressing these subtleties, and consequently giving a result for the global *L*-function, is unique to our treatment. Our point of view is computational and explicit; we expect that our methods will generalize and perhaps provide an algorithmic approach to the hypergeometric decomposition for other pencils.

As mentioned above, the study of the hypergeometricity of periods and point counts enjoys a long-standing tradition. Using his *p*-adic cohomology theory, Dwork \[[@CR20], §6j, p. 73\] showed for the family $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {F}}_4$$\end{document}$, a computation due to de la Ossa. Building on the work of Koblitz \[[@CR37]\], Salerno \[[@CR45], §4.2.1--4.2.2\] used Gauss sums in her study of the Dwork pencil in arbitrary dimension; under certain restrictions on *q*, she gave a formula for the number of points modulo *p* in terms of truncated hypergeometric functions as defined by Katz \[[@CR31]\] as well as an explicit formula \[[@CR46], §5.4\] for the point count for the family $\documentclass[12pt]{minimal}
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                \begin{document}$$q \equiv 1 ({\mathrm{mod}} {4})$$\end{document}$. In \[[@CR23]\], Fuselier et al. define an alternate finite field hypergeometric function (which differs from those by Katz, McCarthy, and Beukers--Cohen--Mellit) that makes it possible to prove identities that are analogous to well-known ones for classical hypergeometric functions. They then use these formulas to compute the number of points of certain hypergeometric varieties.

Several authors have also studied the role of hypergeometric functions over finite fields for the Dwork pencil in arbitrary dimension, which for K3 surfaces is the family $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {F}}_4$$\end{document}$ given in Main Theorem [1.4.1](#FPar1){ref-type="sec"}. McCarthy \[[@CR41]\] extended the definition of *p*-adic hypergeometric functions to provide a formula for the number of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {F}}_p$$\end{document}$ points on the Dwork pencil in arbitrary dimension for all odd primes *p*, extending his results \[[@CR38]\] for the quintic threefold pencil. Goodson \[[@CR25], Theorem 1.2\] then used McCarthy's formalism to rewrite the formula for the point count for the Dwork family in arbitrary dimension in terms of hypergeometric functions when $\documentclass[12pt]{minimal}
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                \begin{document}$$(n+1) \mid (q-1)$$\end{document}$ and *n* is even. See also Katz \[[@CR32]\], who took another look at the Dwork family.

Miyatani \[[@CR42], Theorem 3.2.1\] has given a general formula that applies to each of the five families, but with hypotheses on the congruence class of *q*. It is not clear that one can derive our decomposition from the theorem of Miyatani.

A different line of research has been used to describe the factorization structure of the zeta function for pencils of K3 surfaces or Calabi--Yau varieties that can recover part of Main Theorem [1.4.1](#FPar1){ref-type="sec"}. Kloosterman \[[@CR34], [@CR35]\] has shown that one can use a group action to describe the distinct factors of the zeta function for any one-parameter monomial deformation of a diagonal hypersurface in weighted projective space. He then applied this approach \[[@CR36]\] to study the K3 pencils above and generalize our work on the common factor. His approach is different from both that work and the present one: He uses the Shioda map \[[@CR47]\] to provide a dominant rational map from a monomial deformation of a diagonal (Fermat) hypersurface to the K3 pencils. The Shioda map has been used in the past \[[@CR7]\] to recover the result of Doran--Greene--Judes matching Picard--Fuchs equations for the quintic threefold examples, and it was generalized to hypersurfaces of fake weighted projective spaces and BHK mirrors \[[@CR5], [@CR33]\]. Kloosterman also provides some information about the other factors in some cases.

Proof strategy and plan of paper {#Sec7}
--------------------------------

The proof of Main Theorem [1.4.1](#FPar1){ref-type="sec"} is an involved calculation. Roughly speaking, we use the action of the group of symmetries to calculate hypergeometric periods and then use this decomposition to guide an explicit decomposition of the point count into finite-field hypergeometric sums.

Our proof follows three steps. First, in Sect. [2](#Sec8){ref-type="sec"}, we find all Picard--Fuchs equations via the diagrammatic method developed by Candelas--de la Ossa--Rodríguez-Villegas \[[@CR9], [@CR10]\] and Doran--Greene--Judes \[[@CR17]\] for the Dwork pencil of quintic threefolds. For each of our five families, we give the Picard--Fuchs equations in a convenient hypergeometric form.

Second, in Sect. [3](#Sec16){ref-type="sec"}, we carry out the core calculations by counting points over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {F}}_q$$\end{document}$ for the corresponding pencils using Gauss sums. This technique begins with the original method of Weil \[[@CR50]\], extended by Delsarte and Furtado Gomida, and fully explained by Koblitz \[[@CR37]\]. We then take these formulas and, using the hypergeometric equations found in Sect. [2](#Sec8){ref-type="sec"} and careful manipulation, link these counts to finite-field hypergeometric functions. The equations computed in Sect. [2](#Sec8){ref-type="sec"} do not enter *directly* into the proof of the theorem, but they give an answer that can then be verified by some comparatively straightforward manipulations. These calculations confirm the match predicted by Manin's "unity" (see \[[@CR11]\]).

Finally, in Sect. [4](#Sec31){ref-type="sec"}, we use the point counts from Sect. [3](#Sec16){ref-type="sec"} to explicitly describe the *L*-series for each pencil, and prove Main Theorem [1.4.1](#FPar1){ref-type="sec"}. We conclude by relating the *L*-series to factors of the zeta function for each pencil.

Picard--Fuchs equations {#Sec8}
=======================

In this section, we compute the Picard--Fuchs equations associated to all primitive cohomology for our five symmetric pencils of K3 surfaces defined in (1.2.1). Since we are working with pencils in projective space, we are able to represent 21 of the $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {P}}^3$$\end{document}$. We employ a more efficient version of the Griffiths--Dwork technique which exploits discrete symmetries. This method was previously used by Candelas--de la Ossa--Rodríguez-Villegas \[[@CR9], [@CR10]\] and Doran-Greene--Judes \[[@CR17]\]. Gährs \[[@CR24]\] used a similar combinatorial technique to study Picard--Fuchs equations for holomorphic forms on invertible pencils. After explaining the Griffiths--Dwork technique for symmetric pencils in projective space, we carry out the computation for two examples in thorough detail, and then state the results of the computation for three others.

Setup {#Sec9}
-----

We briefly review the computational technique of Griffiths--Dwork \[[@CR9], [@CR10], [@CR17]\], and we begin with the setup in some generality.
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### Example 2.1.8 {#FPar3}
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Griffiths--Dwork technique {#Sec10}
--------------------------
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### Remark 2.2.1 {#FPar4}

There is a subtle detail about taking a parallel transport using an Ehresmann connection to obtain a (locally) unique horizontal family of homology classes \[[@CR17], §2.3\]. This detail does not affect our computations.
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A diagrammatic Griffiths--Dwork method {#Sec11}
--------------------------------------

In this section, we give a computational technique that uses discrete symmetries of pencils of Calabi--Yau hypersurfaces introduced by Candelas--de la Ossa--Rodríguez-Villegas \[[@CR9], [@CR10]\]. To focus on the case at hand, we specialize to the case of quartic surfaces and explain this method so their diagrammatic and effective adaptation of the Griffiths--Dwork technique can be performed for the five pencils that we want to study.
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### Example 2.3.4 {#FPar5}
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Using the relations ([2.3.3](#Equ22){ref-type=""}) and ([2.3.6](#Equ24){ref-type=""}), we will compute the Picard--Fuchs equations associated to periods that come from primitive cohomology. The key observation is that these two operations respect the symplectic symmetry group.
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Hypergeometric differential equations {#Sec12}
-------------------------------------

In fact, we will find that all of our Picard--Fuchs differential equations are hypergeometric. In this section, we briefly recall the definitions \[[@CR48]\].

### Definition 2.4.1 {#FPar6}
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We now proceed to calculate Picard--Fuchs equations for our five pencils. We begin in this section with the Dwork pencil $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_4$$\end{document}$, the one-parameter family of projective hypersurfaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_\psi \subset {\mathbb {P}}^4$$\end{document}$ defined by the vanishing of the polynomial$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_{ \psi } :=x_0^4+x_1^4 + x_2^4 + x_3^4 - 4\psi x_0x_1x_2x_3. \end{aligned}$$\end{document}$$The differential equations associated to this pencil were studied by Dwork \[[@CR20], §6j\]; our approach is a bit more detailed and explicit, and this case is a good warmup as the simplest of the five cases we will consider.
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0^3x_1$$\end{document}$, corresponding to (1, 1, 1, 1), (2, 2, 0, 0), (0, 0, 2, 2), and (3, 1, 0, 0), respectively.

The main result for this subsection is as follows.

### Proposition 2.5.2 {#FPar7}

The primitive middle-dimensional cohomology group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^2_{\text {prim}}(X_{{\mathsf {F}}_4, \psi },{\mathbb {C}})$$\end{document}$ has 21 periods whose Picard--Fuchs equations are hypergeometric differential equations as follows:$$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} 3 \text { periods are annihilated by}\,D\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4}\right) , \\ 6 \text { periods are annihilated by}\,D\left( \tfrac{1}{4}, \tfrac{3}{4}; 1, \tfrac{1}{2} \,|\,\psi ^{-4}\right) , \text {and} \\ 12 \text { periods are annihilated by}\,D\left( \tfrac{1}{2};1 \,|\,\psi ^{-4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

By the interlacing criterion \[[@CR4], Theorem 4.8\], the latter two hypergeometric equations have algebraic solutions.

We state and prove each case of Proposition [2.5.2](#FPar7){ref-type="sec"} with an individual lemma.

### Lemma 2.5.3 {#FPar8}

The Picard--Fuchs equation associated to the period $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi (0,0,0,0)$$\end{document}$ is the hypergeometric differential equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4})$$\end{document}$.

### Proof {#FPar9}

We recall Eqs. ([2.3.5](#Equ23){ref-type=""}) and ([2.3.6](#Equ24){ref-type=""}):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (v_0,\ldots , v_i + 4, \ldots , v_3) = \frac{1+v_i}{4(k({\mathbf {v}})+1)} (v_0,v_1,v_2,v_3) + \psi (v_0+1, v_1+1, v_2+1,v_3+1); \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\mathrm {d}}{\mathrm {d}\psi } (v_0,v_1,v_2,v_3) = (4(k({\mathbf {v}}) +1)) (v_0+1,v_1+1,v_2+1,v_3+1). \end{aligned}$$\end{document}$$These equations imply a dependence among the terms$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (v_0,v_1,v_2,v_3), (v_0+1,v_1+1,v_2+1,v_3+1), \text { and }(v_0,\ldots , v_i + 4, \ldots , v_3) \end{aligned}$$\end{document}$$denoted in the following diagram:In order to use these dependences, we build up a larger diagram:It may be useful to point out that the same period must appear in two places by simple linear algebra: The vectors (4, 0, 0, 0), (0, 4, 0, 0), (0, 0, 4, 0), (0, 0, 0, 4) and (1, 1, 1, 1) are linearly dependent.

Using ([2.3.5](#Equ23){ref-type=""}) and ([2.3.6](#Equ24){ref-type=""}) and letting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta :=\psi \displaystyle {\frac{\mathrm {d}}{\mathrm {d}\psi }}$$\end{document}$, we see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} (0,0,0,0)&= \frac{1}{4} (\eta + 1) (4,0,0,0), \\ (4,0,0,0)&= \frac{1}{8} (\eta + 1) (4,4,0,0), \\ (4,4,0,0)&= \frac{1}{12} (\eta + 1) (4,4,4,0), \\ \psi (4,4,4,0)&= (3,3,3,3). \end{aligned} \end{aligned}$$\end{document}$$Now, we can use the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\eta - a)\psi ^a = \psi ^a \eta $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in {\mathbb {Z}}$$\end{document}$ to great effect:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \eta (0,0,0,0)&= 4 \psi (1,1,1,1), \\ (\eta - 1)\eta (0,0,0,0)&= 4 \psi \eta (1,1,1,1) = 8\cdot 4 \psi ^2 (2,2,2,2), \\ (\eta -2)(\eta -1)\eta (0,0,0,0)&=12 \cdot 8\cdot 4 \psi ^2 \eta (2,2,2,2) = 12\cdot 8\cdot 4 \psi ^3 (3,3,3,3) \\&= 12\cdot 8\cdot 4 \psi ^4 (4,4,4,0) \\&= 8 \cdot 4 \psi ^4 (\eta +1)(4,4,0,0) \\&= 4\psi ^4(\eta +1)^2 (4,0,0,0) \\&= \psi ^4(\eta +1)^3 (0,0,0,0). \end{aligned} \end{aligned}$$\end{document}$$We conclude that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ (\eta -2)(\eta -1)\eta - \psi ^4 (\eta +1)^3\right] (0,0,0,0) = 0. \end{aligned}$$\end{document}$$We then multiply by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ to obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ \psi (\eta -2)(\eta -1)\eta - \psi ^4 \psi (\eta +1)^3\right] (0,0,0,0)&= 0,\\ \left[ (\eta -3)(\eta -2)(\eta -1) - \psi ^4 (\eta )^3\right] \psi (0,0,0,0)&= 0. \end{aligned}$$\end{document}$$Finally, substitute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t :=\psi ^{-4}$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta :=t \displaystyle {\frac{\mathrm {d}}{\mathrm {d}t}} = -\eta /4$$\end{document}$ to see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \left[ \left( -4\theta -3\right) \left( -4\theta -2\right) \left( -4\theta -1\right) - t^{-1} \left( -4\theta \right) ^3\right] \psi \left( 0,0,0,0\right)&= 0,\\ \left[ -t\left( \theta +\tfrac{3}{4}\right) \left( \theta +\tfrac{1}{2}\right) \left( \theta +\tfrac{1}{4}\right) + \theta ^3\right] \psi \left( 0,0,0,0\right)&= 0,\\ \left[ \theta ^3 -t\left( \theta +\tfrac{1}{4}\right) \left( \theta +\tfrac{1}{2}\right) \left( \theta +\tfrac{3}{4}\right) \right] \psi \left( 0,0,0,0\right)&= 0, \end{aligned} \end{aligned}$$\end{document}$$which is the differential equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,t)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Lemma 2.5.11 {#FPar10}

The Picard--Fuchs equation associated to both $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi (2,2,0,0)$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi (0,0,2,2)$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{1}{4}, \tfrac{3}{4}; 1, \tfrac{1}{2} \,|\, \psi ^{-4})$$\end{document}$.

### Proof {#FPar11}

By iterating the use of ([2.3.5](#Equ23){ref-type=""}), we can construct a diagram including both (2, 2, 0, 0) and (0, 0, 2, 2):We then obtain the following relations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \eta (2,2,0,0)&= \psi ^2(\eta + 1) (0,0,2,2), \\ \eta (0,0,2,2)&= \psi ^2(\eta + 1) (2,2,0,0). \end{aligned} \end{aligned}$$\end{document}$$We then can use these relations to make a Picard--Fuchs equation associated to the period (2, 2, 0, 0):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} (\eta - 2) \eta (2,2,0,0)&= \psi ^2 (\eta + 1)\eta (0,0,2,2) \\&= \psi ^2(\eta +1) \left( \psi ^2(\eta +1) (2,2,0,0)\right) \\&= 2\psi ^4(\eta +1) (2,2,0,0) + \psi ^4(\eta +1) \eta (2,2,0,0) \\&\qquad + \psi ^4(\eta +1) (2,2,0,0) \\&= \psi ^4(\eta ^2+4\eta +3) (2,2,0,0) \\&= \psi ^4(\eta +1)(\eta +3) (2,2,0,0). \end{aligned} \end{aligned}$$\end{document}$$By symmetry, we get the same equation for the period (0, 0, 2, 2), so we have$$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \left[ (\eta -2)\eta - \psi ^4(\eta +1)(\eta +3)\right] (2,2,0,0)&= 0, \\ \left[ (\eta -2)\eta - \psi ^4(\eta +1)(\eta +3) \right] (0,0,2,2)&= 0. \end{aligned} \end{aligned}$$\end{document}$$Now multiply by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and then change variables to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \begin{document}$$t :=\psi ^{-4}$$\end{document}$ with $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$$\theta :=t \tfrac{\mathrm {d}}{\mathrm {d}t} = -{4} \eta $$\end{document}$ to obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ \psi \left( \eta -2\right) \eta - \psi \psi ^4\left( \eta +1\right) \left( \eta +3\right) \right] \left( 2,2,0,0\right)&= 0,\\ \left[ \left( \eta -3\right) \left( \eta -1\right) - \psi ^4\eta \left( \eta +2\right) \right] \psi \left( 2,2,0,0\right)&= 0,\\ \left[ \left( -4\theta -3\right) \left( -4\theta -1\right) - t^{-1}\left( -4\theta \right) \left( -4\theta +2\right) \right] \psi \left( 2,2,0,0\right)&= 0, \\ \left[ t\left( \theta + \tfrac{3}{4}\right) \left( \theta + \tfrac{1}{4}\right) - \theta \left( \theta -\tfrac{1}{2}\right) \right] \psi \left( 2,2,0,0\right)&= 0, \\ \left[ \theta \left( \theta -\tfrac{1}{2}\right) -t\left( \theta + \tfrac{1}{4}\right) \left( \theta +\tfrac{3}{4}\right) \right] \psi \left( 2,2,0,0\right)&= 0. \end{aligned}$$\end{document}$$This Picard--Fuchs equation is $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document}$$D(\tfrac{1}{4}, \tfrac{3}{4}; 1, \tfrac{1}{2} \,|\, \psi ^{-4})$$\end{document}$. $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$\square $$\end{document}$

### Lemma 2.5.16 {#FPar12}

The Picard--Fuchs equation associated to $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi (3,1,0,0)$$\end{document}$ is $\documentclass[12pt]{minimal}
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                \begin{document}$$D(\frac{1}{2};1 \,|\,\psi ^{-4})$$\end{document}$.

### Proof {#FPar13}

Our strategy again is to use ([2.3.5](#Equ23){ref-type=""}) and ([2.3.6](#Equ24){ref-type=""}) in the order represented by the diagram below to study the period (3, 1, 0, 0):Using ([2.3.5](#Equ23){ref-type=""}) iteratively in the upper part of the diagram, we see that$$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (1,3,2,2) = \psi ^2(3,1,0,4). \end{aligned}$$\end{document}$$Then using ([2.3.6](#Equ24){ref-type=""}), we then have that$$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \eta (0,2,1,1) = 8\psi (1,3,2,2) = 8\psi ^3 (3,1,0,4). \end{aligned}$$\end{document}$$Now, using ([2.3.5](#Equ23){ref-type=""}) again, we have that $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(3,1,0,0) = \psi (0,2,1,1)$$\end{document}$ and we can then compute:$$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} (\eta -1) (3,1,0,0)&= \psi \eta (0,2,1,1) \\&=8\psi ^4(3,1,0,4) \\&=8 \psi ^4\left[ \frac{1}{8} (3,1,0,0) + \psi (4,2,1,1)\right] \\&= 8 \psi ^4 \left[ \frac{1}{8} (3,1,0,0) + \frac{1}{8} \eta (3,1,0,0)\right] \\&= \psi ^4 (\eta + 1) (3,1,0,0). \end{aligned} \end{aligned}$$\end{document}$$We then get the Picard--Fuchs equation associated to the period (3, 1, 0, 0):$$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} \left[ (\eta - 1) - \psi ^4 (\eta +1) \right] (3,1,0,0) = 0. \end{aligned}$$\end{document}$$We now will multiply by $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and then change variables to $\documentclass[12pt]{minimal}
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                \begin{document}$$t = \psi ^{-4}$$\end{document}$ as in the previous lemma to obtain:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ \psi \left( \eta - 1\right) - \psi \psi ^4 \left( \eta +1\right) \right] \left( 3,1,0,0\right)&= 0,\\ \left[ \left( \eta - 2\right) - \psi ^4 \eta \right] \psi \left( 3,1,0,0\right)&= 0,\\ \left[ \left( -4\theta - 2\right) - t^{-1} \left( -4\theta \right) \right] \psi \left( 3,1,0,0\right)&= 0, \\ \left[ \theta -t\left( \theta + \tfrac{1}{2}\right) \right] \psi \left( 3,1,0,0\right)&= 0, \end{aligned}$$\end{document}$$giving rise to the hypergeometric differential equation $\documentclass[12pt]{minimal}
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                \begin{document}$$D(\frac{1}{2};1 \,|\,\psi ^{-4})$$\end{document}$. $\documentclass[12pt]{minimal}
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                \begin{document}$$\square $$\end{document}$

We now conclude this section with the proof of the main result.

### Proof of Proposition 2.5.2 {#FPar14}

We combine Lemmas [2.5.3](#FPar8){ref-type="sec"}, [2.5.11](#FPar10){ref-type="sec"}, and [2.5.16](#FPar12){ref-type="sec"} with the consideration of the number of subspaces of each type described above.

The Klein--Mukai pencil $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {F}}_1{\mathsf {L}}_3$$\end{document}$ {#Sec14}
---------------------------------------------------------------------------------

We now consider the Klein--Mukai pencil $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {F}}_1{\mathsf {L}}_3$$\end{document}$, the one-parameter family of hypersurfaces $\documentclass[12pt]{minimal}
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                \begin{document}$$X_\psi \subset {\mathbb {P}}^4$$\end{document}$ defined by the vanishing of$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_\psi :=x_0^3x_1+ x_1^3x_2 + x_2^3x_0 + x_3^4 - 4\psi x_0x_1x_2x_3. \end{aligned}$$\end{document}$$The polynomial $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\psi $$\end{document}$ is related to the defining polynomial (1.2.1) by a change in the order of variables.

There is a $\documentclass[12pt]{minimal}
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                \begin{document}$$H={\mathbb {Z}}/ 7{\mathbb {Z}}$$\end{document}$ scaling symmetry of this family generated by the automorphism $\documentclass[12pt]{minimal}
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### Proposition 2.6.1 {#FPar15}
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                \begin{document}$$\begin{aligned}&D\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14} ; \tfrac{1}{4}, \tfrac{3}{4}, 1 \,|\,\psi ^{4}\right) , D\left( \tfrac{-3}{14}, \tfrac{1}{14}, \tfrac{9}{14} ; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\,\psi ^{4}\right) , D\left( \tfrac{-5}{14}, \tfrac{-3}{14}, \tfrac{1}{14} ; \tfrac{-1}{4}, 0, \tfrac{1}{4} \,|\,\psi ^{4}\right) , \\&D\left( \tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14} ; \tfrac{1}{4}, \tfrac{3}{4}, 1 \,|\,\psi ^4\right) , D\left( \tfrac{-1}{14}, \tfrac{3}{14}, \tfrac{5}{14} ; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\,\psi ^4\right) , D\left( \tfrac{-11}{14}, \tfrac{-1}{14}, \tfrac{5}{14} ; \tfrac{-1}{4}, 0, \tfrac{1}{4} \,|\,\psi ^4\right) . \end{aligned}$$\end{document}$$

Again, the latter 6 operators have an algebraic solution. To prove Proposition [2.6.1](#FPar15){ref-type="sec"}, we again use the diagrammatic method outlined above, but in this case we have different periods that are related. Notice that we have the following differentials $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} x_0\partial _0 F_\psi&= 3 x_0^3 x_1 + x_2^3x_0 - 4 \psi x_0x_1x_2x_3, \\ x_1\partial _1 F_\psi&= 3 x_1^3 x_2 + x_0^3x_1 - 4 \psi x_0x_1x_2x_3, \\ x_2\partial _2 F_\psi&= 3 x_2^3 x_0 + x_1^3x_2 - 4 \psi x_0x_1x_2x_3, \\ x_3 \partial _3 F_\psi&= 4x_4^4 - 4\psi x_0x_1x_2x_3. \end{aligned} \end{aligned}$$\end{document}$$We can make linear combinations of these equations so that the right-hand side is just a linear combination of two monomials, for example,$$\documentclass[12pt]{minimal}
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### Lemma 2.6.6 {#FPar16}
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                \begin{document}$$D(\tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,t)$$\end{document}$.

### Proof {#FPar17}

We build the following diagram using ([2.6.4](#Equ47){ref-type=""}) and ([2.3.6](#Equ24){ref-type=""}):When one runs through this computation, one can see that we get the same Picard--Fuchs equation for the invariant period as we did with the Fermat:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ \theta ^3 -t\left( \theta +\tfrac{3}{4}\right) \left( \theta +\tfrac{1}{2}\right) \left( \theta +\tfrac{1}{4}\right) \right] \psi \left( 0,0,0,0\right) = 0, \end{aligned}$$\end{document}$$which is the differential equation $\documentclass[12pt]{minimal}
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### Lemma 2.6.8 {#FPar18}

For the Klein--Mukai family $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \text {the period }\left( 0,1,2,1\right) \text {is annihilated by } D\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14} ; \tfrac{1}{4}, \tfrac{3}{4}, 1 \,|\,\psi ^{4}\right) , \\ \text {the period } \psi \left( 0,2,0,2\right) \text {is annihilated by } D\left( \tfrac{-3}{14}, \tfrac{1}{14}, \tfrac{9}{14} ; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\,\psi ^{4}\right) , \text {and} \\ \text {the period } \psi ^3 \left( 2,1,1,0\right) \text {is annihilated by } D\left( \tfrac{-5}{14}, \tfrac{-3}{14}, \tfrac{1}{14} ; \tfrac{-1}{4}, 0, \tfrac{1}{4} \,|\,\psi ^{4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Proof {#FPar19}

For the character $\documentclass[12pt]{minimal}
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                \begin{document}$$1 \in {\mathbb {Z}}/7{\mathbb {Z}}$$\end{document}$, we have the following diagram:We then have the following relations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \eta (0,2,0,2)&= \frac{11}{7} \psi ^2 + \psi ^2 \eta (2,1,1,0), \\ \eta (2,1,1,0)&= \frac{2}{7} \psi (0,1,2,1) + \psi \eta (0,1,2,1), \\ \eta (0,1,2,1)&= \frac{1}{7} \psi (0,2,0,2) + \psi \eta (0,2,0,2). \end{aligned} \end{aligned}$$\end{document}$$Now, we can use these relations to compute the Picard--Fuchs equations associated to (2, 1, 1, 0), (0, 2, 0, 2),  and (0, 1, 2, 1). We first do this for the period (0, 1, 2, 1):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \eta (0,1,2,1)&= \frac{1}{7} \psi (0,2,0,2) \psi \eta (0,2,0,2), \nonumber \\ (\eta -1)\eta (0,1,2,1)&= \frac{165}{49} \psi ^3 (2,1,1,0) + \frac{26}{7} \psi ^3 \eta (2,1,1,0) + \psi ^3 \eta ^2 (2,1,1,0), \nonumber \\ (\eta -3)(\eta -1) \eta (0,1,2,1)&= \psi ^4\left( \eta + \tfrac{2}{7}\right) \left( \eta + \tfrac{18}{7}\right) \left( \eta + \tfrac{22}{7}\right) . \end{aligned}$$\end{document}$$This gives us the Picard--Fuchs equation for the period (0, 1, 2, 1):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ (\eta -3)(\eta -1) \eta - \psi ^4\left( \eta + \tfrac{2}{7}\right) \left( \eta + \tfrac{18}{7}\right) \left( \eta + \tfrac{22}{7}\right) \right] (0,1,2,1) = 0. \end{aligned}$$\end{document}$$Letting $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ (4\sigma -3)(4\sigma -1) 4\sigma - u\left( 4\sigma + \tfrac{2}{7}\right) \left( 4\sigma + \tfrac{18}{7}\right) \left( 4\sigma + \tfrac{22}{7}\right) \right] (0,1,2,1)&= 0,\\ \left[ \left( \sigma -\tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{4}\right) \sigma - u\left( \sigma + \tfrac{1}{14}\right) \left( \sigma + \tfrac{9}{14}\right) \left( \sigma + \tfrac{11}{14}\right) \right] (0,1,2,1)&= 0, \end{aligned}$$\end{document}$$which is the hypergeometric differential equation $\documentclass[12pt]{minimal}
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                \begin{document}$$D(\tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14} ; 1, \tfrac{1}{4}, \tfrac{3}{4} \,|\,u)$$\end{document}$.

We then do the same for (0, 2, 0, 2):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \eta (0,2,0,2)&=\frac{11}{7} \psi ^2 + \psi ^2 \eta (2,1,1,0), \nonumber \\ (\eta - 2) \eta (0,2,0,2)&= \frac{36}{49} \psi ^3 (0,1,2,1) + \frac{20}{7} \psi ^3 \eta (0,1,2,1) + \psi ^3 \eta ^2 (0,1,2,1), \nonumber \\ (\eta -3)(\eta -2) \eta (0,2,0,2)&= \psi ^4\left( \eta + \tfrac{1}{7} \right) \left( \eta + \tfrac{9}{7}\right) \left( \eta + \tfrac{25}{7}\right) (0,2,0,2). \end{aligned}$$\end{document}$$This gives us the Picard--Fuchs equation for the period (0, 2, 0, 2):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ (\eta -3)(\eta -2)\eta - \psi ^4\left( \eta + \tfrac{1}{7} \right) \left( \eta + \tfrac{9}{7}\right) \left( \eta + \tfrac{25}{7}\right) \right] (0,2,0,2) = 0. \end{aligned}$$\end{document}$$By multiplying by $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma = u \displaystyle {\frac{\mathrm {d}}{\mathrm {d}u}}$$\end{document}$, we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \psi \left[ (\eta -3)(\eta -2)\eta - \psi ^4\left( \eta + \tfrac{1}{7} \right) \left( \eta + \tfrac{9}{7}\right) \left( \eta + \tfrac{25}{7}\right) \right] (0,2,0,2)&= 0, \\ \left[ (\eta -4)(\eta -3)(\eta -1) - \psi ^4\left( \eta - \tfrac{6}{7} \right) \left( \eta + \tfrac{2}{7}\right) \left( \eta + \tfrac{18}{7}\right) \right] \psi (0,2,0,2)&= 0, \\ \left[ (4\sigma -4)(4\sigma -3)(4\sigma -1) - u\left( 4\sigma - \tfrac{6}{7} \right) \left( 4\sigma + \tfrac{2}{7}\right) \left( 4\sigma + \tfrac{18}{7}\right) \right] \psi (0,2,0,2)&= 0, \\ \left[ (\sigma -1)\left( \sigma -\tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{4}\right) - u\left( \sigma - \tfrac{3}{14} \right) \left( \sigma + \tfrac{1}{14}\right) \left( \sigma + \tfrac{9}{14}\right) \right] \psi (0,2,0,2)&= 0, \end{aligned}$$\end{document}$$which is the hypergeometric differential equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{1}{14}, \tfrac{9}{14}, \tfrac{-3}{14} ; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\,u)$$\end{document}$.

We finally look at (2, 1, 1, 0):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \eta (2,1,1,0)&= \frac{2}{7} \psi (0,1,2,1) + \psi \eta (0,1,2,1) \\ (\eta -1)\eta (2,1,1,0)&= \frac{2}{7} \psi \eta (0,1,2,1) + \psi \eta ^2 (0,1,2,1), \\&= \frac{9}{49} \psi ^2 (0,2,0,2) + \frac{10}{7} \psi ^2 \eta (0,2,0,2) + \psi ^2 \eta ^2 (0,2,0,2) \\ (\eta -2)(\eta -1)\eta (2,1,1,0)&=\frac{9}{49} \psi ^2\eta (0,2,0,2) + \frac{10}{7} \psi ^2 \eta ^2 (0,2,0,2) + \psi ^2 \eta ^3 (0,2,0,2), \\&= \psi ^4\left( \eta + \tfrac{11}{7}\right) \left( \eta + \tfrac{15}{7}\right) \left( \eta + \tfrac{23}{7}\right) (2,1,1,0). \end{aligned} \end{aligned}$$\end{document}$$This gives us the Picard-Fuchs equation for the period (2, 1, 1, 0):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ (\eta -2)(\eta -1)\eta - \psi ^4 \left( \eta + \tfrac{11}{7}\right) \left( \eta + \tfrac{15}{7}\right) \left( \eta + \tfrac{23}{7}\right) \right] (2,1,1,0) = 0. \end{aligned}$$\end{document}$$By multiplying by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi ^3$$\end{document}$ and again changing variables, we get:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \psi ^3\left[ \left( \eta -2\right) \left( \eta -1\right) \eta - \psi ^4 \left( \eta + \tfrac{11}{7}\right) \left( \eta + \tfrac{15}{7}\right) \left( \eta + \tfrac{23}{7}\right) \right] \left( 2,1,1,0\right)&= 0, \\ \left[ \left( \eta -5\right) \left( \eta -4\right) \left( \eta -3\right) - \psi ^4 \left( \eta - \tfrac{10}{7}\right) \left( \eta - \tfrac{6}{7}\right) \left( \eta + \tfrac{2}{7}\right) \right] \psi ^3\left( 2,1,1,0\right)&= 0, \\ \left[ \left( 4\sigma -5\right) \left( 4\sigma -4\right) \left( 4\sigma -3\right) - u \left( 4\sigma - \tfrac{10}{7}\right) \left( 4\sigma - \tfrac{6}{7}\right) \left( 4\sigma + \tfrac{2}{7}\right) \right] \psi ^3\left( 2,1,1,0\right)&= 0, \\ \left[ \left( \sigma -\tfrac{5}{4}\right) \left( \sigma -1\right) \left( \sigma -\tfrac{3}{4}\right) - u \left( \sigma - \tfrac{5}{14}\right) \left( \sigma - \tfrac{3}{14}\right) \left( \sigma + \tfrac{1}{14}\right) \right] \psi ^3\left( 2,1,1,0\right)&= 0. \end{aligned}$$\end{document}$$At last, we have the hypergeometric differential equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{1}{14}, \tfrac{-5}{14}, \tfrac{-3}{14} ; 0, \tfrac{-1}{4}, \tfrac{1}{4} \,|\,u)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Lemma 2.6.16 {#FPar20}

For the Klein--Mukai family $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_\psi $$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \text {the period} \left( 0,2,1,1\right) \text {is annihilated by } D\left( \tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14} ; \tfrac{1}{4}, \tfrac{3}{4}, 1 \,|\,\psi ^4\right) , \\ \text {the period } \psi \left( 1,0,1,2\right) \text {is annihilated by } D\left( \tfrac{-1}{14}, \tfrac{3}{14}, \tfrac{5}{14} ; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\,\psi ^4\right) , \text {and} \\ \text {the period } \psi ^3 \left( 0,1,3,0\right) \text {is annihilated by } D\left( \tfrac{-11}{14}, \tfrac{-1}{14}, \tfrac{5}{14} ; \tfrac{-1}{4}, 0, \tfrac{1}{4} \,|\,\psi ^4\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Proof {#FPar21}

We use the following diagram:and then compute the following period relations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \eta (0,1,3,0)&= \frac{10}{7} \psi (0,2,1,1) + \psi \eta (0,2,1,1), \\ \eta (0,2,1,1)&= \frac{5}{7} \psi (1,0,1,2) + \psi \eta (1,0,1,2), \\ \eta (1,0,1,2)&= \frac{-1}{7} \psi ^2 (0,1,3,0) + \psi ^2 \eta (0,1,3,0). \end{aligned} \end{aligned}$$\end{document}$$By cyclically using these relations, we get the following Picard--Fuchs equations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \left[ (\eta -3)(\eta -1)\eta - \psi ^4\left( \eta + \tfrac{6}{7}\right) \left( \eta + \tfrac{10}{7}\right) \left( \eta + \tfrac{26}{7}\right) \right] (0,2,1,1)&= 0,\\ \left[ (\eta -3)(\eta - 2) \eta - \psi ^4 \left( \eta + \tfrac{5}{7}\right) \left( \eta + \tfrac{13}{7}\right) \left( \eta + \tfrac{17}{7}\right) \right] (1,0,1,2)&=0, \\ \left[ (\eta -2)(\eta -1)\eta - \psi ^4\left( \eta - \tfrac{1}{7}\right) \left( \eta + \tfrac{19}{7}\right) \left( \eta + \tfrac{31}{7}\right) \right] (0,1,3,0)&=0. \end{aligned} \end{aligned}$$\end{document}$$We then multiply these equations above by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1, \psi ,$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi ^3$$\end{document}$, respectively, and then change coordinates to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u = \psi ^4$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma = u \displaystyle {\frac{\mathrm {d}}{\mathrm {d}u}}$$\end{document}$ to obtain the following:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ \left( \sigma -\tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{4}\right) \sigma - u\left( \sigma + \tfrac{3}{14}\right) \left( \sigma + \tfrac{5}{14}\right) \left( \sigma + \tfrac{13}{14}\right) \right] \left( 0,2,1,1\right)&= 0,\\ \left[ \left( \sigma -1\right) \left( \sigma - \tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{4}\right) - u \left( \sigma - \tfrac{1}{14}\right) \left( \sigma + \tfrac{3}{14}\right) \left( \sigma + \tfrac{5}{14}\right) \right] \psi \left( 1,0,1,2\right)&=0, \\ \left[ \left( \sigma -\tfrac{5}{4}\right) \left( \sigma -1\right) \left( \sigma -\tfrac{3}{4}\right) - u\left( \sigma - \tfrac{11}{14}\right) \left( \sigma - \tfrac{1}{14}\right) \left( \sigma + \tfrac{5}{14}\right) \right] \psi ^3 \left( 0,1,3,0\right)&=0, \end{aligned}$$\end{document}$$which are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14} ; 1, \tfrac{1}{4}, \tfrac{3}{4} \,|\,u )$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{3}{14}, \tfrac{5}{14}, \tfrac{-1}{14} ; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\,u )$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(\tfrac{-11}{14}, \tfrac{5}{14}, \tfrac{-1}{14} ; 0, \tfrac{1}{4}, \tfrac{-1}{4} \,|\,u)$$\end{document}$, respectively. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We conclude this section by combining these results.

### Proof of Proposition 2.6.1 {#FPar22}

Combine Lemmas  [2.6.6](#FPar16){ref-type="sec"}, [2.6.8](#FPar18){ref-type="sec"}, and [2.6.16](#FPar20){ref-type="sec"}.

Remaining pencils {#Sec15}
-----------------

For the remaining three pencils $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_2{\mathsf {L}}_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_2{\mathsf {L}}_2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_4$$\end{document}$, the Picard--Fuchs equations can be derived in a similar manner. The details can be found in Appendix A; we state here only the results.

### Proposition 2.7.1 {#FPar23}

The group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^2_{\text {prim}}(X_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }, {\mathbb {C}})$$\end{document}$ has 15 periods whose Picard--Fuchs equations are hypergeometric differential equations as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} 3 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4}\right) , \\ 2 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{3}{4} ; 1, \tfrac{1}{2} \,|\,\psi ^{-4}\right) , \\ 2 \text { periods are annihilated by } D\left( \tfrac{1}{2} ; 1 \,|\,\psi ^{4}\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{1}{8}, \tfrac{5}{8} ; 1, \tfrac{1}{4} \,|\,\psi ^{4}\right) , \text {and } \\ 4 \text { periods are annihilated by } D\left( \tfrac{1}{8}, \tfrac{-3}{8} ; 0, \tfrac{1}{4} \,|\,\psi ^{4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Proof {#FPar24}

See Proposition [A.1.2](#FPar108){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Proposition 2.7.2 {#FPar25}

The group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^2_{\text {prim}}(X_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }, {\mathbb {C}})$$\end{document}$ has 13 periods whose Picard--Fuchs equations are hypergeometric differential equations as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} 3 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4}\right) , \\ 8 \text { periods are annihilated by } D\left( \tfrac{1}{8}, \tfrac{3}{8}, \tfrac{5}{8}, \tfrac{7}{8} ; 0, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\,\psi ^{4}\right) , \text {and } \\ 2 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{3}{4} ; 1, \tfrac{1}{2} \,|\,\psi ^{4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Proof {#FPar26}

See Proposition [A.2.2](#FPar116){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Proposition 2.7.3 {#FPar27}

The group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^2_{\text {prim}}(X_{{\mathsf {L}}_4, \psi },{\mathbb {C}})$$\end{document}$ has 19 periods whose Picard--Fuchs equations are hypergeometric differential equations as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} 3 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4}\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{1}{5}, \tfrac{2}{5}, \tfrac{3}{5}, \tfrac{4}{5}; 1, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\, \psi ^4\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{-1}{5}, \tfrac{1}{5}, \tfrac{2}{5}, \tfrac{3}{5}; 0, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\,\psi ^4\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{-2}{5}, \tfrac{-1}{5}, \tfrac{1}{5}, \tfrac{2}{5}; \tfrac{-1}{4}, 0, \tfrac{1}{4}, \tfrac{1}{2} \,|\,\psi ^4\right) , \text {and} \\ 4 \text { periods are annihilated by } D\left( \tfrac{-3}{5}, \tfrac{-2}{5}, \tfrac{-1}{5}, \tfrac{1}{5}; 0, \tfrac{1}{4}, \tfrac{-1}{2}, \tfrac{-1}{4} \,|\,\psi ^4\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Proof {#FPar28}

See Proposition [A.3.2](#FPar122){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Explicit formulas for the number of points {#Sec16}
==========================================

In this section, we derive explicit formulas for the number of points and identify the hypergeometric periods according to the action of the group of symmetries, matching the Picard--Fuchs equations computed in Sect. [2](#Sec8){ref-type="sec"}.

Hypergeometric functions over finite fields {#Sec17}
-------------------------------------------

We begin by defining the finite-field analogue of the generalized hypergeometric function (defined in Sect. [2.4](#Sec12){ref-type="sec"}); we follow Beukers--Cohen--Mellit \[[@CR3]\].

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q=p^r$$\end{document}$ be a prime power. We use the convenient abbreviation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q^{\times }:=q-1. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega :{\mathbb {F}}_q^{\times } \rightarrow {\mathbb {C}}^\times $$\end{document}$ be a generator of the character group on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_q^{\times }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta :{\mathbb {F}}_q \rightarrow {\mathbb {C}}^\times $$\end{document}$ be a nontrivial (additive) character, defined as follows: let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _p \in {\mathbb {C}}$$\end{document}$ be a primitive *p*th root of unity, and define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta (x)=\zeta _p^{{{\,\mathrm{Tr}\,}}_{{\mathbb {F}}_q|{\mathbb {F}}_p}(x)}$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathbb {Z}}$$\end{document}$, we define the *Gauss sum*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(m):=\sum _{x \in {\mathbb {F}}_q^{\times }} \omega (x)^m \Theta (x). \end{aligned}$$\end{document}$$We suppress the dependence on *q* in the notation, and note that *g*(*m*) depends only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}$$\end{document}$ (and the choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _p$$\end{document}$).

### Remark 3.1.2 {#FPar29}

Every generator of the character group on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_q^{\times }$$\end{document}$ is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _k(x) :=\omega (x)^k$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{x \in {\mathbb {F}}_q^\times } \omega _k(x)^m \Theta (x) = g(km). \end{aligned}$$\end{document}$$Similarly, every additive character of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_q$$\end{document}$ is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta _k(x) :=\zeta _p^{k{{\,\mathrm{Tr}\,}}(x)}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in ({\mathbb {Z}}/p{\mathbb {Z}})^\times $$\end{document}$, and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{x \in {\mathbb {F}}_q^\times } \omega (x)^m \Theta _k(x) = \omega (k)^{-m}g(m) \end{aligned}$$\end{document}$$(see, e.g., Berndt \[[@CR1], Theorem 1.1.3\]). Accordingly, we will see below that our definition of finite-field hypergeometric functions will not depend on these choices.

We will need four basic identities for Gauss sums.

### Lemma 3.1.3 {#FPar30}

The following relations hold: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(0) = -1$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(m) g(-m) = (-1)^m q$$\end{document}$ for every $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$$m \not \equiv 0 \pmod {q^{\times }}$$\end{document}$, and in particular $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g\left( \tfrac{q^{\times }}{2}\right) ^2 = (-1)^{q^{\times }\,/2} q. \end{aligned}$$\end{document}$$For every $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} g(Nm) = -\omega (N)^{Nm} \prod _{j=0}^{N-1} \frac{g(m + jq^{\times }\,/N)}{g(jq^{\times }\,/N)}. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$m \in {\mathbb {Z}}$$\end{document}$.

### Proof {#FPar31}

For parts (a)--(c), see Cohen \[[@CR12], Lemma 2.5.8, Proposition 2.5.9, Theorem 3.7.3\]. For (d), we replace *x* by $\documentclass[12pt]{minimal}
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                \begin{document}$$x^p$$\end{document}$ in the definition and use the fact that $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\Theta (x^p)=\Theta (x)$$\end{document}$ as it factors through the trace. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 3.1.5 {#FPar32}

Lemma [3.1.3](#FPar30){ref-type="sec"}(c) is due originally to Hasse and Davenport, and is called the *Hasse--Davenport product relation*.

We now build our hypergeometric sums. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\beta }=\{\beta _1,\dots ,\beta _d\}$$\end{document}$ be multisets of *d* rational numbers. Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$i,j=1,\dots ,d$$\end{document}$.

Based on work of Greene \[[@CR27]\], Katz \[[@CR31], p. 258\], but normalized following McCarthy \[[@CR40], Definition 3.2\] and Beukers--Cohen--Mellit \[[@CR3], Definition 1.1\], we make the following definition.

### Definition 3.1.6 {#FPar33}

Suppose that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q^{\times }\alpha _i, q^{\times }\beta _i \in {\mathbb {Z}}\end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$i=1,\dots ,d$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$t \in {\mathbb {F}}_q^\times $$\end{document}$, we define the *finite-field hypergeometric sum* by$$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_q(\varvec{\alpha }, \varvec{\beta } \,|\, t) :=-\frac{1}{q^{\times }} \sum _{m=0}^{q-2} \omega ((-1)^dt)^m G(m+\varvec{\alpha }q^{\times },-m-\varvec{\beta }q^{\times }), \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G(m+\varvec{\alpha }q^{\times },-m-\varvec{\beta }q^{\times }) :=\prod _{i=1}^d \frac{g(m+ \alpha _iq^{\times })g(-m - \beta _iq^{\times })}{g(\alpha _i q^{\times })g(-\beta _i q^{\times })} \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathbb {Z}}$$\end{document}$.

In this definition (and the related ones to follow), the sum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_q(\varvec{\alpha },\varvec{\beta }\,|\,t)$$\end{document}$ only depends on the classes in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}/{\mathbb {Z}}$$\end{document}$ of the elements of $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$$\varvec{\alpha }$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\varvec{\beta }$$\end{document}$. Moreover, the sum is independent of the choice of characters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\Theta $$\end{document}$ by a straightforward application of Remark [3.1.2](#FPar29){ref-type="sec"}. Hypothesis ([3.1.7](#Equ61){ref-type=""}) is unfortunately rather restrictive---but it is necessary for the definition to make sense as written. Fortunately, Beukers--Cohen--Mellit \[[@CR3]\] provided an alternate definition that allows all, but finitely many *q* under a different hypothesis, as follows.

### Definition 3.1.10 {#FPar34}

The *field of definition*$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$K_{\varvec{\alpha },\varvec{\beta }} \subset {\mathbb {C}}$$\end{document}$ associated to $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ is the field generated by the coefficients of the polynomials$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \prod _{j=1}^d \left( x-e^{2\pi \sqrt{-1} \alpha _j}\right) \quad \text {and} \quad \prod _{j=1}^d \left( x-e^{2\pi \sqrt{-1} \beta _j}\right) . \end{aligned}$$\end{document}$$

Visibly, the number field $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$K_{\varvec{\alpha },\varvec{\beta }}$$\end{document}$ is an abelian extension of $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathbb {Q}}$$\end{document}$.

Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ is defined over $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$p_1, \ldots , p_r,q_1, \ldots , q_s \in {\mathbb {Z}}_{\ge 1}$$\end{document}$ such that$$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{j=1}^d \frac{ (x-e^{2\pi \sqrt{-1} \alpha _j})}{(x-e^{2\pi \sqrt{-1} \beta _j})} = \frac{\prod _{j=1}^r x^{p_j} - 1}{\prod _{j=1}^s x^{q_j} - 1}. \end{aligned}$$\end{document}$$Recall we require the $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ to be disjoint, which implies that the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{p_1,\dots ,p_r\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{q_1,\dots ,q_s\}$$\end{document}$ are also disjoint.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(x) :=\gcd (\prod _{j=1}^r (x^{p_j} - 1), \prod _{j=1}^s (x^{q_j} - 1))$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M :=\bigl (\prod _{j=1}^r p_j^{p_j}\bigr ) \bigl (\prod _{j=1}^s q_j^{-q_j}\bigr )$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon :=(-1)^{\sum _{j=1}^s q_j}$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s(m) \in {\mathbb {Z}}_{\ge 0}$$\end{document}$ be the multiplicity of the root $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{2\pi \sqrt{-1} m / q^{\times }}$$\end{document}$ in *D*(*x*). Finally, abbreviate$$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} g(\varvec{p}m,-\varvec{q}m) :=g(p_1m) \cdots g(p_rm) g(-q_1m) \cdots g(-q_sm). \end{aligned}$$\end{document}$$For brevity, we say that *q* is *good* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ if *q* is coprime to the least common denominator of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\alpha } \cup \varvec{\beta }$$\end{document}$.

### Definition 3.1.14 {#FPar35}

Suppose that $\documentclass[12pt]{minimal}
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                \begin{document}$$t \in {\mathbb {F}}_q^\times $$\end{document}$, define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_q(\varvec{\alpha }, \varvec{\beta } \,|\, t) = \frac{(-1)^{r+s}}{1-q} \sum _{m=0}^{q-2} q^{-s(0) + s(m)} g(\varvec{p}m,-\varvec{q}m)\omega (\epsilon M^{-1}t)^m. \end{aligned}$$\end{document}$$

Again, the hypergeometric sum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$H_q(\varvec{\alpha },\varvec{\beta }\,|\,t)$$\end{document}$ is independent of the choice of characters $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta $$\end{document}$ comes from the fact that every root of unity has its conjugate, and so again any additional factors from changing additive characters cancel out. The apparently conflicting notation is justified by the following result, showing that Definition [3.1.14](#FPar35){ref-type="sec"} is more general.

### Proposition 3.1.16 {#FPar36}

(Beukers--Cohen--Mellit \[[@CR3], Theorem 1.3\]) Suppose that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Q}}$$\end{document}$ and that ([3.1.7](#Equ61){ref-type=""}) holds. Then Definitions [3.1.6](#FPar33){ref-type="sec"} and [3.1.14](#FPar35){ref-type="sec"} agree.

A hybrid sum {#Sec18}
------------

We will need a slightly more general hypothesis than allowed in the previous section. We do not pursue the most general case as it is rather combinatorially involved, poses some issues of algebraicity, and anyway is not needed here; see Beukers \[[@CR2]\] for some work in this direction. Instead, we isolate a natural case, where the indices are not defined over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Q}}$$\end{document}$ but neither does ([3.1.7](#Equ61){ref-type=""}) hold, which is sufficient for our purposes.

### Definition 3.2.1 {#FPar37}

We say that *q* is *splittable* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ if there exist partitions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varvec{\alpha } = \varvec{\alpha }_0 \sqcup \varvec{\alpha }' \text { and } \varvec{\beta } = \varvec{\beta }_0 \sqcup \varvec{\beta }', \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }_0,\varvec{\beta }_0$$\end{document}$ are defined over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q^{\times }\alpha _i',q^{\times }\beta _j' \in {\mathbb {Z}}\end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i' \in \varvec{\alpha }'$$\end{document}$ and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _j' \in \varvec{\beta }'$$\end{document}$.

### Example 3.2.3 {#FPar38}

If ([3.1.7](#Equ61){ref-type=""}) holds, then *q* is splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }=\varvec{\alpha }'$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\beta }=\varvec{\beta }'$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }_0=\varvec{\beta }_0=\emptyset $$\end{document}$. Likewise, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ is defined over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}$$\end{document}$, then *q* is splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ for all *q*.

### Example 3.2.4 {#FPar39}

A splittable case that arises for us (up to a Galois action) in Proposition [3.5.1](#FPar69){ref-type="sec"} is as follows. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha } = \{\frac{1}{14}, \frac{9}{14}, \frac{11}{14}\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\beta } = \{0, \frac{1}{4}, \frac{3}{4}\}$$\end{document}$. We cannot use Definition [3.1.14](#FPar35){ref-type="sec"} since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x-e^{2\pi \sqrt{-1}/14})(x-e^{18\pi i/14})(x-e^{22\pi \sqrt{-1}/14}) \not \in {\mathbb {Q}}[x]$$\end{document}$. When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod {28}$$\end{document}$, we may use Definition [3.1.6](#FPar33){ref-type="sec"}; otherwise we may not. However, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod {7}$$\end{document}$ is odd, then *q* is splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$: We may take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }_0=\emptyset $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }'=\varvec{\alpha }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\beta }_0=\varvec{\beta }$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\beta }'=\emptyset $$\end{document}$.

It is now a bit notationally painful but otherwise straightforward to generalize the definition for splittable *q*, providing a uniform description in all cases we consider. Suppose that *q* is splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }_0$$\end{document}$ be the union of all submultisets of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }$$\end{document}$ that are defined over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}$$\end{document}$; then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }_0$$\end{document}$ is defined over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}$$\end{document}$. Repeat this for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\beta }_0$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{1}, \ldots , p_{r}, q_{1}, \ldots , q_{s}$$\end{document}$ be such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\prod _{\alpha _{0j} \in \varvec{\alpha }_0} (x- e^{2\pi \sqrt{-1} \alpha _{0j}})}{\prod _{\beta _{0j} \in \varvec{\beta }_0} (x-e^{2\pi \sqrt{-1} \beta _{0j}})} = \frac{\prod _{j=1}^{r} (x^{p_{j}} -1)}{\prod _{j=1}^{s} (x^{q_{j}}-1)}. \end{aligned}$$\end{document}$$As before, let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} D(x) :=\gcd (\textstyle {\prod }_{j=1}^{r} x^{p_{j}} - 1, \textstyle {\prod }_{j=1}^{s} x^{q_{j}} - 1) \quad \text {and} \quad M :=\frac{\textstyle {\prod }_{j=1}^{r} p_{j}^{p_{j}}}{\textstyle {\prod }_{j=1}^{s} q_{j}^{q_{j}}} \end{aligned}$$\end{document}$$and let *s*(*m*) be the multiplicity of the root $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{2\pi \sqrt{-1} m / q^{\times }}$$\end{document}$ in *D*(*x*). Finally, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta :=\deg D(x)$$\end{document}$. We again abbreviate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(\varvec{p}m,-\varvec{q}m) :=\prod _{i=1}^{r} g(p_{i}m) \prod _{i=1}^{s} g(-q_{i}m) \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathbb {Z}}$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G(m+\varvec{\alpha }'q^{\times },-m-\varvec{\beta }'q^{\times }) :=\prod _{\alpha _i' \in \varvec{\alpha }'}\frac{g(m+ \alpha _i'q^{\times })}{g(\alpha _i q^{\times })} \prod _{\beta _i' \in \varvec{\beta }'}\frac{g(-m-\beta _i'q^{\times })}{g(-\beta _i q^{\times })}. \end{aligned}$$\end{document}$$

### Definition 3.2.7 {#FPar40}

Suppose that *q* is good and splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in {\mathbb {F}}_q^\times $$\end{document}$, with the notation above we define the *finite-field hypergeometric sum*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_q(\varvec{\alpha }, \varvec{\beta } \, | \, t):= & {} \frac{(-1)^{r+s}}{1-q} \sum _{m=0}^{q-2} q^{- s(0) + s(m)} G(m+\varvec{\alpha }'q^{\times },-m-\varvec{\beta }'q^{\times })\\&\cdot g(\varvec{p}m,-\varvec{q}m)\omega ((-1)^{d+\delta } Mt)^m. \end{aligned}$$\end{document}$$

The following proposition then shows that our definition encompasses the previous ones.

### Proposition 3.2.8 {#FPar41}

Suppose that *q* is good and splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$. Then the following statements hold. The hypergeometric sum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_q(\varvec{\alpha },\varvec{\beta }\,|\,t)$$\end{document}$ in Definition [3.2.7](#FPar40){ref-type="sec"} is independent of the choice of characters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta $$\end{document}$.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i q^{\times }, \beta _i q^{\times }\in {\mathbb {Z}}$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\dots ,d$$\end{document}$, then Definitions [3.1.6](#FPar33){ref-type="sec"} and [3.2.7](#FPar40){ref-type="sec"} agree.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ are defined over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}$$\end{document}$, then Definitions [3.1.14](#FPar35){ref-type="sec"} and [3.2.7](#FPar40){ref-type="sec"} agree.

### Proof {#FPar42}

Part (c) follows directly from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }_0 = \varvec{\alpha }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\beta }_0 = \varvec{\beta }$$\end{document}$ (and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha }' = \varvec{\beta }' = \emptyset $$\end{document}$), so the definitions in fact coincide. Part (a) follows directly from the independence from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ of each part of the hybrid sum.

Part (b) follows by the same argument (due to Beukers--Cohen--Mellit) as in Proposition [3.1.16](#FPar36){ref-type="sec"}; for completeness, we give a proof in Lemma [B.1.1](#FPar124){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Suppose that *q* is good and splittable for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\alpha },\varvec{\beta }$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in {\mathbb {F}}_q^\times $$\end{document}$. Then by construction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_q(\varvec{\alpha },\varvec{\beta }\,|\,t) \in {\mathbb {Q}}(\zeta _{q^{\times }},\zeta _p)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gcd (p,q^{\times })=1$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\,\mathrm{Gal}\,}}({\mathbb {Q}}(\zeta _{q^{\times }},\zeta _p)\,|\,{\mathbb {Q}}) \simeq {{\,\mathrm{Gal}\,}}({\mathbb {Q}}(\zeta _{q^{\times }})\,|\,{\mathbb {Q}}) \times {{\,\mathrm{Gal}\,}}({\mathbb {Q}}(\zeta _{p})\,|\,{\mathbb {Q}}). \end{aligned}$$\end{document}$$We now descend the hypergeometric sum to its field of definition, in two steps.

### Lemma 3.2.9 {#FPar43}

We have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_q(\varvec{\alpha },\varvec{\beta }\,|\,t) \in {\mathbb {Q}}(\zeta _{q^{\times }})$$\end{document}$.

### Proof {#FPar44}

The action of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{Gal}\,}}({\mathbb {Q}}(\zeta _p)\,|\,{\mathbb {Q}}) \simeq ({\mathbb {Z}}/p{\mathbb {Z}})^\times $$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _p \mapsto \zeta _p^k$$\end{document}$ changes only the additive character $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta $$\end{document}$. By Proposition [3.2.8](#FPar41){ref-type="sec"}, the sum is independent of this choice, so it descends by Galois theory. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{Gal}\,}}({\mathbb {Q}}(\zeta _{q^{\times }})\,|\,{\mathbb {Q}}) \simeq ({\mathbb {Z}}/q^{\times }{\mathbb {Z}})^\times $$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _k(\zeta _{q^{\times }})=\zeta _({q^{\times }})^k$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in ({\mathbb {Z}}/q^{\times }{\mathbb {Z}})^\times $$\end{document}$ acts on the finite-field hypergeometric sums as follows.

### Lemma 3.2.10 {#FPar45}

The following statements hold. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in {\mathbb {Z}}$$\end{document}$ be coprime to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^{\times }$$\end{document}$. Then $\documentclass[12pt]{minimal}
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Before concluding this primer on finite-field hypergeometric functions, we combine the Gauss sum identities and our hybrid definition to expand one essential example; this gives a flavor of what is to come. First, we prove a new identity.

### Lemma 3.2.11 {#FPar47}

We have the following identity of Gauss sums:$$\documentclass[12pt]{minimal}
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### Proof {#FPar48}

Since *q* is odd, we use the Hasse--Davenport product relation (Lemma [3.1.3](#FPar30){ref-type="sec"}(c)) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m = \tfrac{q^{\times }}{14}, \tfrac{9q^{\times }}{14},\tfrac{11q^{\times }}{14}$$\end{document}$, solving for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(\tfrac{q^{\times }}{14}), g(\tfrac{9q^{\times }}{14}),g(\tfrac{11q^{\times }}{14})$$\end{document}$, respectively, to find:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g\left( \tfrac{q^{\times }}{14}\right)&= \frac{g\left( \tfrac{q^{\times }}{7}\right) , g\left( \tfrac{q^{\times }}{2}\right) }{g\left( \tfrac{11q^{\times }}{7}\right) } \omega \left( 2\right) ^{-q^{\times }\,/7} \\ g\left( \tfrac{9q^{\times }}{14}\right)&= \frac{g\left( \tfrac{9q^{\times }}{7}\right) , g\left( \tfrac{q^{\times }}{2}\right) }{g\left( \tfrac{q^{\times }}{7}\right) } \omega \left( 2\right) ^{-9q^{\times }\,/7} \\ g\left( \tfrac{11q^{\times }}{14}\right)&= \frac{g\left( \tfrac{11q^{\times }}{7}\right) . g\left( \tfrac{q^{\times }}{2}\right) }{g\left( \tfrac{9q^{\times }}{7}\right) } \omega \left( 2\right) ^{-11q^{\times }\,/7}. \end{aligned}$$\end{document}$$Multiply all of these together, divide by $\documentclass[12pt]{minimal}
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Next, we consider our example.

### Example 3.2.13 {#FPar49}

Going back to Example [3.2.4](#FPar39){ref-type="sec"}, in the case where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&H_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0,\tfrac{1}{4},\tfrac{3}{4} \,|\, t\right) \\&\quad = \frac{-1}{1-q} \sum _{m=0}^{q-2} q^{s\left( m\right) - 1} \frac{g\left( m+ \frac{1}{14}q^{\times }\right) g\left( m+ \frac{9}{14}q^{\times }\right) g\left( m+ \frac{11}{14}q^{\times }\right) }{g\left( \frac{1}{14} q^{\times }\right) g\left( \frac{9}{14} q^{\times }\right) g\left( \frac{11}{14} q^{\times }\right) } \\&\qquad \cdot g\left( 2m\right) g\left( -m\right) g\left( -4m\right) \omega \left( -4^3t\right) ^m. \end{aligned} \end{aligned}$$\end{document}$$When $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\frac{-g\left( \frac{4q^{\times }}{7}\right) g\left( \frac{q^{\times }}{7}\right) g\left( \frac{2q^{\times }}{7}\right) }{q^{\times }g\left( \frac{1}{14} q^{\times }\right) g\left( \frac{9}{14} q^{\times }\right) g\left( \frac{11}{14} q^{\times }\right) } g\left( \tfrac{q^{\times }}{2}\right) \omega \left( -4^3t\right) ^{q^{\times }\,/2} \\&\quad = \frac{-1}{qq^{\times }} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) \omega \left( t\right) ^{q^{\times }\,/2}. \end{aligned}$$\end{document}$$Therefore,$$\documentclass[12pt]{minimal}
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Counting points {#Sec19}
---------------

Following the work of Delsarte \[[@CR16]\] and Furtado Gomida \[[@CR22]\], Koblitz \[[@CR37]\] gave a formula for the number of points on monomial deformations of diagonal hypersurfaces (going back to Weil \[[@CR50]\]). In this subsection, we outline their approach for creating closed formulas that compute the number of points for hypersurfaces in projective space in terms of Gauss sums.
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In the remaining sections, we apply the preceding formulas to each of our five pencils.
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------------------------------------------------------------------

In this subsection, we will give a closed formula in terms of finite field hypergeometric sums for the number of points in a given member of the Dwork family. Throughout this section, we suppose that *q* is odd.

### Proposition 3.4.1 {#FPar52}
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Proposition [3.4.1](#FPar52){ref-type="sec"} has several equivalent formulations and has seen many proofs: See Sect. [1.5](#Sec6){ref-type="sec"} in the introduction for further references. We present another proof for completeness and to illustrate the method we will apply to all five families in this well-studied case.

### Remark 3.4.2 {#FPar53}

Quite beautifully, the point counts in Proposition [3.4.1](#FPar52){ref-type="sec"} in terms of finite-field hypergeometric sums match (up to twisting factors) the indices with multiplicity in the Picard--Fuchs equations computed in Proposition [2.5.2](#FPar7){ref-type="sec"}. Although we are not able to use this matching directly, it guides the decomposition of the sums by means of lemmas that can be proven in a technical, but direct manner.

We prove Proposition [3.4.1](#FPar52){ref-type="sec"} in four steps: We compute the relevant characters and cluster them.We use Theorem [3.3.3](#FPar50){ref-type="sec"} to count points where no coordinate is zero and rewrite the sums into hypergeometric functions.We count points where at least one coordinate is zero.We combine steps 2 and 3 to finally prove Proposition [3.4.1](#FPar52){ref-type="sec"}.The calculations are somewhat involved, but we know how to cluster the characters in step 1 and which hypergeometric functions we need to isolate for step 2: Indeed, the parameters of the finite-field hypergeometric sums are given by the calculation of the Picard--Fuchs equations for the Dwork pencil given by Proposition [2.5.2](#FPar7){ref-type="sec"}.

### Step 1: Computing and clustering the characters {#Sec21}
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### Step 2: Counting points on the open subset with nonzero coordinates {#Sec22}
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#### Lemma 3.4.4 {#FPar54}
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#### Proof {#FPar55}

By Definition [3.1.14](#FPar35){ref-type="sec"},$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right)&= \frac{1}{q^{\times }} \sum _{m=0}^{q-2} q^{-s(0) + s(m)} g(4m) g(-m)^4 \omega (4\psi )^{-4m} \\&= \frac{-1}{q^{\times }} + \frac{-q^{-1} g\left( \tfrac{q^{\times }}{2}\right) ^4}{q^{\times }} \\&\quad + \frac{1}{q^{\times }}\sum _{\begin{array}{c} m=1 \\ m\ne q^{\times }\,/2 \end{array}}^{q-2} q^{-1} g(4m) g(-m)^4 \omega (4\psi )^{-4m} \\&=- \frac{1}{q^{\times }} - \frac{g\left( \tfrac{q^{\times }}{2}\right) ^4}{qq^{\times }} + \frac{1}{qq^{\times }}\sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} g(-4k) g(k)^4 \omega (4\psi )^{4k} \end{aligned}$$\end{document}$$the latter by substituting $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{s \in S_1} \omega (a)^{-s} c_s&= c_{(0,0,0,0,0)} + c_{(q^{\times }\,/2)(1,1,1,1,0)} + \sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} \omega (-4\psi )^{4k} c_{(k,k,k,k,-4k)} \nonumber \\&= \frac{({q^{\times }})^4 - (-1)^4}{qq^{\times }} - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{2}\right) ^4 + \frac{1}{qq^{\times }}\sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} \omega (4\psi )^{4k} g(k)^4 g(-4k) \nonumber \\&= \frac{q^3-4q^2+6q-4}{q^{\times }} - \frac{g\left( \tfrac{q^{\times }}{2}\right) ^4}{qq^{\times }} + \frac{1}{qq^{\times }} \sum _{k=1, k\ne \tfrac{q^{\times }}{2}}^{q-2} \omega (4\psi )^{4k} g(k)^4 g(-4k) \nonumber \\&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

#### Lemma 3.4.7 {#FPar56}

For $\documentclass[12pt]{minimal}
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#### Proof {#FPar57}

By definition,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} H_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right)&= \frac{1}{q^{\times }} \sum _{m=0}^{q-2} q^{-s(0) + s(m)}g(4m)g(-2m)^2 \omega (2\psi )^{-4m} \\&= \frac{-2}{q^{\times }} + \frac{1}{q^{\times }} \sum _{\begin{array}{c} m=1 \\ m \ne q^{\times }\,/2 \end{array}}^{q-2} q^{-1}g(4m)g(-2m)^2 \omega (2\psi )^{-4m} \end{aligned} \end{aligned}$$\end{document}$$using $\documentclass[12pt]{minimal}
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By symmetry,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{s \in S_2} \omega (a)^{-s} c_s = \sum _{s \in S_3} \omega (a)^{-s} c_s = \sum _{s \in S_4} \omega (a)^{-s} c_s. \end{aligned}$$\end{document}$$So we only need to consider $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_2} \omega \left( a\right) ^{-s} c_s&= c_{\left( q^{\times }\,/2\right) \left( 0,1,1,0,0\right) } + c_{\left( q^{\times }\,/2\right) \left( 1,0,0,1,0\right) } \\&\quad +\, \sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} \omega \left( -4\psi \right) ^{4k} c_{\left( k\left( 1,1,1,1,-4\right) + \left( q^{\times }\,/2\right) \left( 0,1,1,0,0\right) \right) } \\&= -2\frac{g\left( \tfrac{q^{\times }}{2}\right) ^2}{qq^{\times }} + \frac{1}{qq^{\times }} \sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} \omega \left( -4\psi \right) ^{4k}g\left( k\right) ^2g\left( k+\tfrac{q^{\times }}{2}\right) ^2g\left( -4k\right) . \end{aligned} \end{aligned}$$\end{document}$$Next, we use the Hasse--Davenport product relation (Lemma [3.1.3](#FPar30){ref-type="sec"}(c)) with $\documentclass[12pt]{minimal}
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                \begin{document}$$g(\tfrac{q^{\times }}{2})^2 = (-1)^{q^{\times }\,/2} q$$\end{document}$; substituting this and ([3.4.11](#Equ104){ref-type=""}) into ([3.4.10](#Equ82){ref-type=""}) simplifies to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_2} \omega (a)^{-s} c_s&= -2\frac{(-1)^{q^{\times }\,/2}}{q^{\times }} + \frac{1}{qq^{\times }} \sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} \omega (-4\psi )^{4k}(\omega (2)^{-2k}g(2k) g(\tfrac{q^{\times }}{2}))^2 g(-4k) \\&= -2\frac{(-1)^{q^{\times }\,/2}}{q^{\times }} + \frac{1}{q^{\times }} \sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} (-1)^{q^{\times }\,/2}\omega (-2\psi )^{4k}g(2k)^2 g(-4k) \\&= (-1)^{q^{\times }\,/2}\left( -\frac{2}{q^{\times }} + \frac{1}{q^{\times }} \sum _{\begin{array}{c} k=1 \\ k\ne q^{\times }\,/2 \end{array}}^{q-2} \omega (-2\psi )^{4k}g(2k)^2 g(-4k)\right) . \end{aligned} \end{aligned}$$\end{document}$$Looking back at ([3.4.9](#Equ81){ref-type=""}), we rearrange and insert a factor *q* to find the hypergeometric sum:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} (-1)^{q^{\times }\,/2} \sum _{s \in S_2} \omega (a)^{-s} c_s&= \frac{2q-2}{q^{\times }} - \frac{2q}{q^{\times }} + \frac{q}{q^{\times }} \sum _{\begin{array}{c} m=1 \\ m\ne q^{\times }\,/2 \end{array}}^{q-2} q^{-1}\omega (2\psi )^{-4m}g(-2m)^2 g(4m) \\&= 2 + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \end{aligned} \end{aligned}$$\end{document}$$as claimed. $\documentclass[12pt]{minimal}
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#### Lemma 3.4.12 {#FPar58}

Suppose $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{s \in S_5} \omega (a)^{-s} c_s = (-1)^{q^{\times }\,/4} q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + (-1)^{q^{\times }\,/4} - \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned}$$\end{document}$$

#### Proof {#FPar59}

Plugging into the definition of the finite-field hypergeometric sum and then pulling out terms $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right)&= \frac{1}{q^{\times }} \sum _{m=0}^{q-2} \omega \left( -\psi ^{-4}\right) ^m \frac{g\left( m + \tfrac{q^{\times }}{2}\right) g\left( -m\right) }{g\left( \tfrac{q^{\times }}{2}\right) } \\&= -\frac{2}{q^{\times }} + \frac{\left( -1\right) ^{q^{\times }\,/4}}{q^{\times }g\left( \tfrac{q^{\times }}{2}\right) }\left( g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2\right) \\&\quad + \frac{1}{q^{\times }} \sum _{\begin{array}{c} m=0 \\ q^{\times }\not \mid 4m \end{array}}^{q-2} \omega \left( -\psi ^{-4}\right) ^{m} \frac{g\left( m + \tfrac{q^{\times }}{2}\right) g\left( -m\right) }{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned} \end{aligned}$$\end{document}$$Hasse--Davenport (Lemma [3.1.3](#FPar30){ref-type="sec"}(c)) implies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g(4m) = -\omega (4)^{4m} \frac{g(m) g\left( m + \tfrac{q^{\times }}{4}\right) g\left( m + \tfrac{q^{\times }}{2}\right) g\left( m + \tfrac{3q^{\times }}{4}\right) }{g(0) g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{4}\right) }. \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&\left( -1\right) ^{4m} q g\left( -m-\tfrac{3q^{\times }}{4}\right) = \omega \left( 4\right) ^{4m}\left( -1\right) ^{m} \frac{g\left( m\right) g\left( m + \tfrac{q^{\times }}{4}\right) g\left( m + \tfrac{q^{\times }}{2}\right) g\left( -4m\right) }{ g\left( \tfrac{q^{\times }}{2}\right) }, \\&g\left( m\right) g\left( m + \tfrac{q^{\times }}{4}\right) g\left( m + \tfrac{q^{\times }}{2}\right) g\left( -4m\right) = \left( -1\right) ^{-m} \omega \left( 4\right) ^{-4m} q g\left( \tfrac{q^{\times }}{2}\right) g\left( -m-\tfrac{3q^{\times }}{4}\right) . \end{aligned} \end{aligned}$$\end{document}$$Now, we look at the point count. First, we take the definition$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_5} \omega (a)^{-s} c_s&= \frac{1}{qq^{\times }} \sum _{k=0}^{q-2} \omega (-4\psi )^{4k} g(k) g\left( k+\tfrac{q^{\times }}{4}\right) ^2 g\left( k + \tfrac{q^{\times }}{2}\right) g(-4k). \end{aligned} \end{aligned}$$\end{document}$$We then tease out the four terms with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) ^2 g\left( \tfrac{q^{\times }}{2}\right) + \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{4}\right) ^2 = \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2}{q^{\times }g\left( \tfrac{q^{\times }}{2}\right) } \end{aligned}$$\end{document}$$because $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&-\frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{2}\right) ^2 g\left( \tfrac{3q^{\times }}{4}\right) -\frac{1}{qq^{\times }} g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{4}\right) \nonumber \\&\quad = -\left( -1\right) ^{q^{\times }\,/4}\frac{q+1}{q^{\times }} = \left( -1\right) ^{q^{\times }\,/4}\left( 1-\frac{2q}{q^{\times }}\right) . \end{aligned}$$\end{document}$$using Lemma [3.1.3](#FPar30){ref-type="sec"}(b) with $\documentclass[12pt]{minimal}
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For the remaining terms in the sum, we plug in ([3.4.15](#Equ107){ref-type=""}) to get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&\frac{1}{qq^{\times }} \sum _{\begin{array}{c} k=0 \\ q^{\times }\not \mid 4k \end{array} }^{q-2} \omega \left( -4\psi \right) ^{4k} g\left( k\right) g\left( k+\tfrac{q^{\times }}{4}\right) ^2 g\left( k + \tfrac{q^{\times }}{2}\right) g\left( -4k\right) \\&\quad = \frac{1}{qq^{\times }} \sum _{\begin{array}{c} k=0 \\ q^{\times }\not \mid 4k \end{array} }^{q-2} \omega \left( -4\psi \right) ^{4k} g\left( k+\tfrac{q^{\times }}{4}\right) \left( -1\right) ^{-k} \omega \left( 4\right) ^{-4k} q g\left( \tfrac{q^{\times }}{2}\right) g\left( -k-\tfrac{3q^{\times }}{4}\right) \\&\quad =\frac{q}{q^{\times }} \sum _{\begin{array}{c} k=0 \\ q^{\times }\not \mid 4k \end{array} }^{q-2} \omega \left( -\psi ^4\right) ^{k} \frac{ g\left( k+\tfrac{q^{\times }}{4}\right) g\left( -k-\tfrac{3q^{\times }}{4}\right) }{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned} \end{aligned}$$\end{document}$$Next, we reindex this summation with the substitution $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\frac{q}{q^{\times }} \sum _{\begin{array}{c} m=0 \\ q^{\times }\not \mid 4m \end{array} }^{q-2} \omega \left( -\psi ^4\right) ^{-m-q^{\times }\,/4} \frac{g\left( -m\right) g\left( m+ \tfrac{q^{\times }}{2}\right) }{g\left( \tfrac{q^{\times }}{2}\right) } \nonumber \\&\quad = \left( -1\right) ^{q^{\times }\,/4}\frac{q}{q^{\times }} \sum _{\begin{array}{c} m=0 \\ q^{\times }\not \mid 4m \end{array} }^{q-2} \omega \left( -\psi ^{-4}\right) ^{m} \frac{g\left( m+\tfrac{q^{\times }}{2}\right) g\left( -m\right) }{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned}$$\end{document}$$Taking ([3.4.16](#Equ87){ref-type=""}), expanding and substituting ([3.4.17](#Equ88){ref-type=""}), ([3.4.18](#Equ89){ref-type=""}), and ([3.4.20](#Equ91){ref-type=""}) then give$$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$\begin{aligned}&\left( -1\right) ^{q^{\times }\,/4}\sum _{s \in S_5} \omega \left( a\right) ^{-s} c_s \\&\quad = \left( -1\right) ^{q^{\times }\,/4}\frac{g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2}{q^{\times }g\left( \tfrac{q^{\times }}{2}\right) } +1-\frac{2q}{q^{\times }} \\&\qquad + \frac{q}{q^{\times }} \sum _{\begin{array}{c} m=0 \\ q^{\times }\not \mid 4m \end{array} }^{q-2} \omega \left( -\psi ^{-4}\right) ^{m} \frac{g\left( m+\tfrac{q^{\times }}{2}\right) g\left( -m\right) }{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned}$$\end{document}$$We are quite close to ([3.4.13](#Equ84){ref-type=""}), but the first term is off by a factor *q*. Adding and subtracting give$$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( -1\right) ^{q^{\times }\,/4}\sum _{s \in S_5} \omega \left( a\right) ^{-s} c_s = 1+qH_q\left( \tfrac{1}{2};0 \,|\,\psi ^{-4}\right) - \left( -1\right) ^{q^{\times }\,/4}\frac{g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) } \end{aligned}$$\end{document}$$as claimed. $\documentclass[12pt]{minimal}
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#### Lemma 3.4.21 {#FPar60}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod 4$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_5} \omega (a)^{-s} c_s = \sum _{s \in S_6} \omega (a)^{-s} c_s = \sum _{s \in S_7} \omega (a)^{-s} c_s. \end{aligned}$$\end{document}$$

#### Proof {#FPar61}

We start with ([3.4.16](#Equ87){ref-type=""}) and reindex with $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m = k+\tfrac{q^{\times }}{2}$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_5} \omega \left( a\right) ^{-s} c_s&= \frac{1}{qq^{\times }} \sum _{k=0}^{q-2} \omega \left( -4\psi \right) ^{4k} g\left( k\right) g\left( k+\tfrac{q^{\times }}{4}\right) ^2 g\left( k + \tfrac{q^{\times }}{2}\right) g\left( -4k\right) \\&= \frac{1}{qq^{\times }} \sum _{m=0}^{q-2} \omega \left( -4\psi \right) ^{4m} g\left( m + \tfrac{q^{\times }}{2}\right) g\left( m+\tfrac{3q^{\times }}{4}\right) ^2 g\left( m\right) g\left( -4m\right) \\&= \sum _{s \in S_6} \omega \left( a\right) ^{-s} c_s. \end{aligned}$$\end{document}$$The equality for $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_7$$\end{document}$ holds reindexing with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=k+\tfrac{q^{\times }}{4}$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We now put these pieces together to give the point count for the toric hypersurface.

#### Proposition 3.4.22 {#FPar62}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in {\mathbb {F}}_q^\times $$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 3 \pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) = q^2 -3q -3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - 3 qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) ). \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+9 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + 3qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\quad + 12\left( \left( -1\right) ^{q^{\times }\,/4}q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + \left( -1\right) ^{q^{\times }\,/4} - \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) . \end{aligned} \end{aligned}$$\end{document}$$

#### Proof {#FPar63}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 3\pmod 4$$\end{document}$, we have from Lemmas [3.4.4](#FPar54){ref-type="sec"} and [3.4.7](#FPar56){ref-type="sec"}:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{i=1}^4 \sum _{s \in S_i} \omega \left( a\right) ^{-s} c_s \\&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + 3\left( -2 - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right) \\&=q^2 -3q -3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - 3 qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) ) \end{aligned} \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 4$$\end{document}$, we have from Lemmas [3.4.4](#FPar54){ref-type="sec"}, [3.4.7](#FPar56){ref-type="sec"},  [3.4.12](#FPar58){ref-type="sec"}, and [3.4.21](#FPar60){ref-type="sec"}, we have that:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{i=1}^4 \sum _{s \in S_i} \omega \left( a\right) ^{-s} c_s + 12\sum _{s \in S_5} \omega \left( a\right) ^{-s} c_s \\&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) \\&\quad + 3\left( 2 + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right) \\&\qquad + 12\left( \left( -1\right) ^{q^{\times }\,/4} q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + \left( -1\right) ^{q^{\times }\,/4} - \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) , \end{aligned} \end{aligned}$$\end{document}$$which simplifies to the result. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Step 3: Count points when at least one coordinate is zero {#Sec23}

#### Lemma 3.4.27 {#FPar64}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 3 \pmod 4$$\end{document}$, then$$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_4,\psi }({\mathbb {F}}_q) - \#U_{{\mathsf {F}}_4,\psi }({\mathbb {F}}_q) = 4q+4. \end{aligned}$$\end{document}$$

#### Proof {#FPar65}

First, we compute the number of points when $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0x_1x_2 \ne 0$$\end{document}$, i.e., count points on the Fermat quartic curve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V:x_0^4+x_1^4+x_2^4=0$$\end{document}$ with coordinates in the torus. All points in $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1 \ne 0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1=(x_2/x_1)^4$$\end{document}$, but $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1 \not \in {\mathbb {F}}_q^{\times 2}$$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 3 \pmod {4}$$\end{document}$. We claim that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#V({\mathbb {F}}_q)=q+1$$\end{document}$; this can be proven in many ways. First, we sketch an elementary argument, working affinely on $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0^4+x_1^4=-1$$\end{document}$. The map $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_0,x_1) \mapsto (x_0^2,x_1^2)$$\end{document}$ gives a map to the affine curve defined by $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C:w_0^2+w_1^2=-1$$\end{document}$. The number of points on this curve over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_q$$\end{document}$ is $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q+1$$\end{document}$ (the projective closure is a smooth conic with no points at infinity), and again all such solutions have $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 3 \pmod {4}$$\end{document}$, the squaring map $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_q^{\times 2} \rightarrow {\mathbb {F}}_q^{\times 4}$$\end{document}$ is bijective. Therefore, for the four points $\documentclass[12pt]{minimal}
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Second, and for consistency, we again apply the formula of Koblitz! For the characters, we solve$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S= \left\{ (0,0,0), \tfrac{q^{\times }}{2} (1,1,0), \tfrac{q^{\times }}{2} (1,0,1), \tfrac{q^{\times }}{2} (0,1,1)\right\} . \end{aligned}$$\end{document}$$Then by Theorem [3.3.3](#FPar50){ref-type="sec"},$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \#V({\mathbb {F}}_q)&= c_{(0,0,0)} + c_{(q^{\times }\,/2)(1,1,0)} + c_{(q^{\times }\,/2)(1,0,1)}+ c_{(q^{\times }\,/2)(0,1,1)} \\&= \frac{(q-1)^{2} - (-1)^2}{q} + 3(-1)^{2} \frac{1}{q} g\left( \tfrac{q^{\times }}{2}\right) ^2 g\left( \tfrac{q^{\times }}{2}\right) g(0) \\&= \frac{q^2 - 2q}{q} + 3 = q+1. \end{aligned} \end{aligned}$$\end{document}$$By symmetry, repeating in each of the four coordinate hyperplanes, we obtain $\documentclass[12pt]{minimal}
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#### Lemma 3.4.30 {#FPar66}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_4, \psi }({\mathbb {F}}_q) - \#U_{{\mathsf {F}}_4, \psi }({\mathbb {F}}_q) = 4q - 8 -12(-1)^{q^{\times }\,/4} + 12\frac{g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned}$$\end{document}$$

#### Proof {#FPar67}

We repeat the argument in the preceding lemma. We cluster solutions to ([3.4.28](#Equ96){ref-type=""}) and count the number of solutions in the following way:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \#V\left( {\mathbb {F}}_q\right)&= c_{\left( 0,0,0\right) } + 6c_{\left( q^{\times }\,/4\right) \left( 1,3,0\right) } + 3c_{\left( q^{\times }\,/4\right) \left( 2,2,0\right) } + 3c_{\left( q^{\times }\,/4\right) \left( 1,1,2\right) } + 3c_{\left( q^{\times }\,/4\right) \left( 3,3,2\right) } \\&= q-2 - 6 \left( -1\right) ^{q^{\times }\,/4} - 3 + \frac{3}{q} g\left( \tfrac{q^{\times }}{4}\right) ^2 g\left( \tfrac{q^{\times }}{2}\right) + \frac{3}{q} g\left( \tfrac{3q^{\times }}{4}\right) ^2g\left( \tfrac{q^{\times }}{2}\right) \\&= q-5 - 6 \left( -1\right) ^{q^{\times }\,/4} + 3\frac{g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned} \end{aligned}$$\end{document}$$There are 2 solutions to $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$$x_0^4+x_1^4=0$$\end{document}$ with $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0x_1 \ne 0$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod {8}$$\end{document}$ and zero otherwise, so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2+2(-1)^{q^{\times }\,/4}$$\end{document}$ solutions in either case. Adding up, we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) - \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right)&= 4 \#V\left( {\mathbb {F}}_q\right) + 6\left( 2+2\left( -1\right) ^{q^{\times }\,/4}\right) \\&= 4q - 8 -12\left( -1\right) ^{q^{\times }\,/4} + 12 \frac{1}{q} g\left( \tfrac{q^{\times }}{4}\right) ^2 g\left( \tfrac{q^{\times }}{2}\right) \\&\quad + 12\frac{g\left( \tfrac{q^{\times }}{4}\right) ^2+g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Step 4: Conclude {#Sec24}

We now conclude the proof.

#### Proof of Proposition 3.4.1 {#FPar68}

We combine Proposition [3.4.22](#FPar62){ref-type="sec"} with Lemmas [3.4.27](#FPar64){ref-type="sec"} and [3.4.30](#FPar66){ref-type="sec"}. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 3 \pmod 4$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right)&= \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) + \left( \#X_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) - \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) \right) \\&= \left( q^2 -3q -3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) \right. \\&\qquad \left. -\, 3 qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right) + \left( 4q+4\right) \\&= q^2 + q + 1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - 3 qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1\pmod 4$$\end{document}$, then the ugly terms cancel, and we have simply$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right)&= \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) + \left( \#X_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) - \#U_{{\mathsf {F}}_4, \psi }\left( {\mathbb {F}}_q\right) \right) \\&= \left( q^2-3q+9 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + 3qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right. \\&\qquad \left. + 12\left( -1\right) ^{q^{\times }\,/4}q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) \right) + \left( 4q-8\right) \\&= q^2 + q + 1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + 3qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\qquad + 12\left( -1\right) ^{q^{\times }\,/4} q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The Klein--Mukai pencil $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_1{\mathsf {L}}_3$$\end{document}$ {#Sec25}
---------------------------------------------------------------------------------

In this section, we repeat the steps of the previous section but for the Klein--Mukai pencil $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_1{\mathsf {L}}_3$$\end{document}$. We suppose throughout this section that *q* is coprime to 14. Our main result is as follows.

### Proposition 3.5.1 {#FPar69}

For *q* coprime to 14 and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in {\mathbb {F}}_q^\times $$\end{document}$, the following statements hold. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\not \equiv 1\pmod 7$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right) =q^2+q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1\pmod 7$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right)&=q^2+q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \\&\quad +3qH_q\left( \tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,\psi ^4\right) \\&\quad +3qH_q\left( \tfrac{3}{14},\tfrac{5}{14},\tfrac{13}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,\psi ^4\right) . \end{aligned}$$\end{document}$$

### Remark 3.5.2 {#FPar70}

The new parameters $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tfrac{3}{14},\tfrac{5}{14},\tfrac{13}{14};0,\tfrac{1}{4},\tfrac{3}{4}$$\end{document}$ match the Picard--Fuchs equations in Proposition [2.6.1](#FPar15){ref-type="sec"} as elements of $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Q}}/{\mathbb {Z}}$$\end{document}$, with the same multiplicity.

### Step 1: Computing and clustering the characters {#Sec26}

As before, we first have to compute the solutions to the system of congruences:$$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} \begin{pmatrix} 3&{}\quad 0&{}\quad 1&{}\quad 0&{}\quad 1\\ 1&{}\quad 3&{}\quad 0&{}\quad 0&{}\quad 1\\ 0&{}\quad 1&{}\quad 3&{}\quad 0&{}\quad 1\\ 0&{}\quad 0&{}\quad 0&{}\quad 4&{}\quad 1\\ 1&{}\quad 1&{}\quad 1&{}\quad 1&{}\quad 1\\ \end{pmatrix}\begin{pmatrix} w_1\\ w_2\\ w_3\\ w_4\\ w_5 \end{pmatrix} \equiv \begin{pmatrix} 0\\ 0\\ 0\\ 0\\ 0\end{pmatrix} \pmod {q^{\times }}. \end{aligned}$$\end{document}$$By linear algebra over $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Z}}$$\end{document}$, we compute that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\not \equiv 1\pmod 7$$\end{document}$, then the set of solutions is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S=\{(1,1,1,1,-4)w: w\in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\}. \end{aligned}$$\end{document}$$On the other hand if $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod {7}$$\end{document}$, then the set splits into three classes: (i)the set $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1 = \{k(1,1,1,1,-4): k\in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\}$$\end{document}$,(ii)three sets of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_8 = \left\{ k(1,1,1,1,-4) + \tfrac{q^{\times }}{7}(1,4,2,0,0): k\in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\right\} $$\end{document}$, and(iii)three sets of the form $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_9 = \left\{ k(1,1,1,1,-4) + \tfrac{q^{\times }}{7}(3,5,6,0,0): k\in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\right\} $$\end{document}$.The multiplicity of the latter two sets corresponds to cyclic permutations yielding the same product of Gauss sums.

### Step 2: Counting points on the open subset with nonzero coordinates {#Sec27}

As in the previous section, the hard work is in counting points in the toric hypersurface. We now proceed with each cluster.

#### Lemma 3.5.3 {#FPar71}

If $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$q \equiv 1 \pmod 7$$\end{document}$, then$$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_8} \omega \left( a\right) ^{-s} c_s = qH_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) - \frac{1}{q} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar72}

Recall our hybrid hypergeometric sum ([3.2.14](#Equ72){ref-type=""}) from Example [3.2.13](#FPar49){ref-type="sec"}, plugging in $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$t=\psi ^4$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} \begin{aligned}&H_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0,\tfrac{1}{4},\tfrac{3}{4} \,|\, \psi ^4\right) \\&\quad = \frac{1}{q^{\times }} -\frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) \\&\qquad +\frac{1}{qq^{\times }} \sum _{\begin{array}{c} m=1 \\ m \ne q^{\times }\,/2 \end{array}}^{q-2} \frac{g\left( m+ \frac{1}{14}q^{\times }\right) g\left( m+ \frac{9}{14}q^{\times }\right) g\left( m+ \frac{11}{14}q^{\times }\right) }{g\left( \frac{1}{14} q^{\times }\right) g\left( \frac{9}{14} q^{\times }\right) g\left( \frac{11}{14} q^{\times }\right) } \\&\qquad \cdot g\left( 2m\right) g\left( -m\right) g\left( -4m\right) \omega \left( -4^3\psi ^4\right) ^m. \end{aligned} \end{aligned}$$\end{document}$$Our point count formula expands to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{s \in S_8} \omega \left( a\right) ^{-s} c_s&= \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) - \frac{1}{qq^{\times }} g\left( \tfrac{9q^{\times }}{14}\right) g\left( \tfrac{q^{\times }}{14}\right) g\left( \tfrac{11q^{\times }}{14}\right) g\left( \tfrac{q^{\times }}{2}\right) \\&\quad +\frac{1}{qq^{\times }} \sum _{\begin{array}{c} k=0 \\ q^{\times }\not \mid 2k \end{array}}^{q-2} \omega \left( -4\psi \right) ^{4k} g\left( k+\tfrac{q^{\times }}{7}\right) \\&\quad \cdot \, g\left( k+\tfrac{4q^{\times }}{7}\right) g\left( k + \tfrac{2q^{\times }}{7}\right) g\left( k\right) g\left( -4k\right) . \end{aligned}$$\end{document}$$We work on the sum. Changing indices to $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$m=k+\tfrac{q^{\times }}{2}$$\end{document}$, using the identity$$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g\left( m+\tfrac{q^{\times }}{2}\right) = \omega \left( 4\right) ^{-m} \left( -1\right) ^mq^{-1} g\left( \tfrac{q^{\times }}{2}\right) g\left( -m\right) g\left( 2m\right) \end{aligned}$$\end{document}$$found by using Hasse--Davenport for $\documentclass[12pt]{minimal}
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                \begin{document}$$N=2$$\end{document}$, and applying Lemma [3.2.11](#FPar47){ref-type="sec"}, gives us the summand$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\omega \left( -4\psi \right) ^{4m} g\left( m+\tfrac{9q^{\times }}{14}\right) g\left( m+\tfrac{q^{\times }}{14}\right) g\left( m + \tfrac{11q^{\times }}{14}\right) g\left( m + \tfrac{q^{\times }}{2}\right) g\left( -4m\right) \\&\quad =\omega \left( -4\psi \right) ^{4m} g\left( m+\tfrac{q^{\times }}{14}\right) g\left( m+\tfrac{9q^{\times }}{14}\right) g\left( m + \tfrac{11q^{\times }}{14}\right) \\&\quad \cdot \omega \left( 4\right) ^{-m} \left( -1\right) ^mq^{-1} g\left( \tfrac{q^{\times }}{2}\right) g\left( -m\right) g\left( 2m\right) g\left( -4m\right) \\&\quad =\omega \left( -4^3\psi ^4\right) ^{m}\frac{g\left( m+\tfrac{q^{\times }}{14}\right) g\left( m+\tfrac{9q^{\times }}{14}\right) g\left( m + \tfrac{11q^{\times }}{14}\right) }{g\left( \tfrac{q^{\times }}{14}\right) g\left( \tfrac{9q^{\times }}{14}\right) g\left( \tfrac{11q^{\times }}{14}\right) }\\&\quad \cdot q^{-1} g\left( \tfrac{q^{\times }}{2}\right) ^4 g\left( 2m\right) g\left( -m\right) g\left( -4m\right) \\&\quad =q\omega \left( -4^3\psi ^4\right) ^{m}\frac{g\left( m+\tfrac{q^{\times }}{14}\right) g\left( m+\tfrac{9q^{\times }}{14}\right) g\left( m + \tfrac{11q^{\times }}{14}\right) }{q g\left( \tfrac{q^{\times }}{14}\right) g\left( \tfrac{9q^{\times }}{14}\right) g\left( \tfrac{11q^{\times }}{14}\right) }g\left( 2m\right) g\left( -m\right) g\left( -4m\right) . \end{aligned}$$\end{document}$$Plugging back in, we can relate this to hypergeometric function ([3.5.5](#Equ100){ref-type=""}):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\sum _{s \in S_8} \omega \left( a\right) ^{-s} c_s = \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{14}\right) g\left( \tfrac{9q^{\times }}{14}\right) g\left( \tfrac{11q^{\times }}{14}\right) g\left( \tfrac{q^{\times }}{2}\right) \\&\qquad + \frac{1}{qq^{\times }} \sum _{\begin{array}{c} m=0 \\ q^{\times }\not \mid 2m \end{array}}^{q-2} q\omega \left( -4^3\psi ^4\right) ^{m}\frac{g\left( m+\tfrac{q^{\times }}{14}\right) g\left( m+\tfrac{9q^{\times }}{14}\right) g\left( m + \tfrac{11q^{\times }}{14}\right) }{g\left( \tfrac{q^{\times }}{14}\right) g\left( \tfrac{9q^{\times }}{14}\right) g\left( \tfrac{11q^{\times }}{14}\right) }\\&\quad \cdot g\left( 2m\right) g\left( -m\right) g\left( -4m\right) \\&\quad = \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{14}\right) g\left( \tfrac{9q^{\times }}{14}\right) g\left( \tfrac{11q^{\times }}{14}\right) g\left( \tfrac{q^{\times }}{2}\right) \\&\qquad + qH_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) + \frac{q}{q^{\times }} - \frac{1}{q^{\times }}g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) \\&\quad = qH_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) - \frac{1}{q} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

#### Lemma 3.5.6 {#FPar73}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod 7$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_9} \omega \left( a\right) ^{-s} c_s = qH_q\left( \tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) - \frac{1}{q} g\left( \tfrac{3q^{\times }}{7}\right) g\left( \tfrac{5q^{\times }}{7}\right) g\left( \tfrac{6q^{\times }}{7}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar74}

Apply complex conjugation to Lemma [3.5.3](#FPar71){ref-type="sec"}; the effect is to negate indices, as in Proposition [3.2.8](#FPar41){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We now put the pieces together to prove the main result in this step.

#### Proposition 3.5.8 {#FPar75}

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in {\mathbb {F}}_q^{\times }$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \not \equiv 1 \pmod 7$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right) = q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 7$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) \nonumber \\&\quad + 3qH_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) + 3qH_q\left( \tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) \nonumber \\&\quad -\frac{3}{q}\left( g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) + g\left( \tfrac{3q^{\times }}{7}\right) g\left( \tfrac{5q^{\times }}{7}\right) g\left( \tfrac{6q^{\times }}{7}\right) \right) .\nonumber \\ \end{aligned}$$\end{document}$$

#### Proof {#FPar76}

When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \not \equiv 1 \pmod 7$$\end{document}$, there is only one cluster of characters, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1$$\end{document}$. By Lemma [3.4.4](#FPar54){ref-type="sec"}, we know that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right) = \sum _{s \in S_1} \omega \left( a\right) ^{-s} c_s= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 7$$\end{document}$, we have three clusters of characters, the latter two ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_8$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_9$$\end{document}$) with multiplicity 3. By Lemmas [3.4.4](#FPar54){ref-type="sec"}, [3.5.3](#FPar71){ref-type="sec"}, and [3.5.6](#FPar73){ref-type="sec"}, these sum to the result. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Step 3: Count points when at least one coordinate is zero. {#Sec28}

Recall that *q* is coprime to 14.

#### Lemma 3.5.12 {#FPar77}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in {\mathbb {F}}_q^\times $$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\not \equiv 1 \pmod 7$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }({\mathbb {F}}_q) - \#U_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }({\mathbb {F}}_q) = 4q-2. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 7$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right) - \#U_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right)&= 4q - 2 + \frac{3}{q}(g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) \\&\quad + g\left( \tfrac{3q^{\times }}{7}g\left( \tfrac{5q^{\times }}{7}\right) g\left( \tfrac{6q^{\times }}{7}\right) \right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar78}

We count solutions with at least one coordinate zero. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_3=0$$\end{document}$ but $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0x_1x_2 \ne 0$$\end{document}$, we count points on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0^4+x_1^3x_2=0$$\end{document}$: solving for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2$$\end{document}$, we see there are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q-1$$\end{document}$ solutions; repeating this for the cases $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1=0$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2=0$$\end{document}$, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3q-3$$\end{document}$ points.

Now, suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0=0$$\end{document}$ but $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1x_2x_3 \ne 0$$\end{document}$, we look at the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1^3x_2+x_2^3x_3+x_3^3x_1=0$$\end{document}$ defining the Klein quartic. Applying Theorem [3.3.3](#FPar50){ref-type="sec"} again, we find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{pmatrix} 3&{}\quad 1&{}\quad 0\\ 0&{}\quad 3&{}\quad 1\\ 1&{}\quad 0&{}\quad 3\\ 1&{}\quad 1&{}\quad 1 \end{pmatrix} \begin{pmatrix} s_1 \\ s_2 \\ s_3 \end{pmatrix} \equiv 0 \pmod {q^{\times }}. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\not \equiv 1\pmod 7$$\end{document}$, then only (0, 0, 0) is a solution and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{(0,0,0)} = q-2$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod 7$$\end{document}$, then the solutions are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\{ k(\tfrac{q^{\times }}{7},\tfrac{4q^{\times }}{7},\tfrac{2q^{\times }}{7}) : k\in {\mathbb {Z}}/7{\mathbb {Z}}\right\} $$\end{document}$ which gives the point count$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q-2 + \frac{3}{q}g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) + \frac{3}{q}g\left( \tfrac{3q^{\times }}{7}\right) g\left( \tfrac{5q^{\times }}{7}\right) g\left( \tfrac{6q^{\times }}{7}\right) . \end{aligned}$$\end{document}$$If now at least two of the variables among $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_1,x_2,x_3\}$$\end{document}$ are zero, then the equation is just $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0^4 = 0$$\end{document}$; hence, the last one is also zero and there is only one such point. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0=x_1=0$$\end{document}$, then the equation is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2^3 x_3=0$$\end{document}$; hence, another of the first three variables is zero. Consequently, there are exactly 3 such points. Totaling up gives the result. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Step 4: Conclude {#Sec29}

We now prove Proposition [3.5.1](#FPar69){ref-type="sec"}.

#### Proof of Proposition 3.5.1 {#FPar79}

By Proposition [3.5.8](#FPar75){ref-type="sec"} and Lemma [3.5.12](#FPar77){ref-type="sec"}, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\not \equiv 1\pmod 7$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#X_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + \left( 4q-2\right) \\&= q^2 + q + 1+ H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) . \end{aligned} \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 7$$\end{document}$, then the ugly terms cancel and we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#X_{{\mathsf {F}}_1{\mathsf {L}}_3, \psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + \\&\quad + 3qH_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) + 3qH_q\left( \tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) \\&\quad - 3\tfrac{1}{q} g\left( \tfrac{q^{\times }}{7}\right) g\left( \tfrac{4q^{\times }}{7}\right) g\left( \tfrac{2q^{\times }}{7}\right) + \left( 4q - 2\right) \\&= q^2 + q + 1+ H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) \\&\quad + 3qH_q\left( \tfrac{1}{14}, \tfrac{9}{14}, \tfrac{11}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) + 3qH_q\left( \tfrac{3}{14}, \tfrac{5}{14}, \tfrac{13}{14}; 0, \tfrac{1}{4}, \tfrac{3}{4} \,|\, \psi ^4\right) \end{aligned} \end{aligned}$$\end{document}$$as desired. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remaining pencils {#Sec30}
-----------------

For the remaining three pencils $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_2{\mathsf {L}}_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_2{\mathsf {L}}_2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_4$$\end{document}$, the formula for the point counts can be derived in a similar manner. The details can be found in Appendix [4.8](#Sec44){ref-type="sec"}; we state here only the results.

### Proposition 3.6.1 {#FPar80}

For *q* odd and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in {\mathbb {F}}_q^\times $$\end{document}$, the following statements hold. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 3\pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_2{\mathsf {L}}_2,\psi }\left( {\mathbb {F}}_q\right)&=q^2-q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) - q H_q\left( \tfrac{1}{4},\tfrac{3}{4};0,\tfrac{1}{2} \,|\,\psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 5\pmod 8$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_2{\mathsf {L}}_2,\psi }\left( {\mathbb {F}}_q\right)&=q^2-q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \\&\quad +qH_q\left( \tfrac{1}{4},\tfrac{3}{4};0,\tfrac{1}{2} \,|\,\psi ^{-4}\right) -2qH_q\left( \tfrac{1}{2};0\,|\,\psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1\pmod 8$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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### Proof {#FPar81}

See Proposition [B.2.1](#FPar126){ref-type="sec"}. $\documentclass[12pt]{minimal}
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### Proposition 3.6.2 {#FPar82}
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### Proof {#FPar83}

See Proposition [B.3.1](#FPar139){ref-type="sec"}. $\documentclass[12pt]{minimal}
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### Proposition 3.6.3 {#FPar84}
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### Proof {#FPar85}

See Proposition [B.4.1](#FPar148){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Proof of the main theorem and applications {#Sec31}
==========================================

In this section, we prove Main Theorem [1.4.1](#FPar1){ref-type="sec"} by converting the hypergeometric point count formulas in the previous section into a global *L*-series. We conclude with some discussion and applications.

From point counts to *L*-series {#Sec32}
-------------------------------

In this section, we define *L*-series of K3 surfaces and hypergeometric functions, setting up the notation we will use in the proof of our main theorem.

We begin with *L*-series of K3 surfaces. Let $\documentclass[12pt]{minimal}
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### Lemma 4.1.1 {#FPar86}
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### Proof {#FPar87}
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We now turn to hypergeometric *L*-series, recalling the definitions made in Sects. [3.1](#Sec17){ref-type="sec"}--[3.2](#Sec18){ref-type="sec"}. Let $\documentclass[12pt]{minimal}
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In the remaining sections, we continue with the same notation: Let $\documentclass[12pt]{minimal}
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### Proposition 4.2.1 {#FPar90}
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### Proof {#FPar91}
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---------------------------------------------------------------------------------

We now prove Theorem [1.4.1](#FPar1){ref-type="sec"}(b).

### Proposition 4.3.1 {#FPar92}
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### Remark 4.3.2 {#FPar93}

By Lemma [4.1.9](#FPar88){ref-type="sec"}, we have$$\documentclass[12pt]{minimal}
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### Proof {#FPar94}
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                \begin{document}$$\begin{aligned}&\exp \left( -\sum _{r=1}^\infty 3p^{fr}H_{p^{fr}}\left( \tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,t\right) \frac{\left( p^{-s}\right) ^{fr}}{fr} \right. \nonumber \\&\qquad \left. +3p^{fr}H_{p^{fr}}\left( \tfrac{3}{14},\tfrac{5}{14},\tfrac{13}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,t\right) \frac{\left( p^{-s}\right) ^{fr}}{fr} \right) \nonumber \\&\quad = \exp \left( -\sum _{r=1}^\infty 6H_{p^{fr}}\left( \tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,t\right) \frac{\left( p^{1-s}\right) ^{fr}}{fr}\right) \nonumber \\&\quad = L_{p^f}\left( H\left( \tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,t\right) , p^{1-s}\right) ^{6/f} \nonumber \\&\quad = L_{p^f}\left( H\left( \tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,t\right) , p^{1-s}\right) ^{r\left( M|K, p\right) } \nonumber \\&\quad = L_p\left( H\left( \tfrac{1}{14},\tfrac{9}{14},\tfrac{11}{14};0,\tfrac{1}{4},\tfrac{3}{4}\,|\,t\right) , {\mathbb {Q}}\left( \zeta _7\right) , p^{1-s}\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
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---------------------------------------------------------------------------------

We now prove Theorem [1.4.1](#FPar1){ref-type="sec"}(c):

### Proposition 4.4.1 {#FPar95}
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### Proof {#FPar96}

We now appeal to Proposition [3.6.1](#FPar80){ref-type="sec"}, which we summarize as:$$\documentclass[12pt]{minimal}
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---------------------------------------------------------------------------------

We now prove Theorem [1.4.1](#FPar1){ref-type="sec"}(d).
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### Proof {#FPar98}
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------------------------------------------------------------------

Here, we prove Theorem [1.4.1](#FPar1){ref-type="sec"}(e).

### Proposition 4.6.1 {#FPar99}
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### Proof {#FPar100}
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Algebraic hypergeometric functions {#Sec38}
----------------------------------

We now turn to some applications of our main theorem. We begin in this section by setting up a discussion of explicit identification of the algebraic hypergeometric functions that arise in our decomposition, following foundational work of Beukers--Heckman \[[@CR4]\].
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### Conjecture 4.7.1 {#FPar101}
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Conjecture [4.7.1](#FPar101){ref-type="sec"} is implicit in work of Katz \[[@CR31], Chapter 8\], and there is current, ongoing work on the theory of hypergeometric motives that is expected to prove this conjecture, at least for certain choices of *M*. An explicit version of Conjecture [4.7.1](#FPar101){ref-type="sec"} could be established in each case for the short list of parameters that arise in our Main Theorem. For example, we can use the following proposition about *L*-series and apply it for the family $\documentclass[12pt]{minimal}
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### Proposition 4.7.2 {#FPar102}

(Cohen) We have the following *L*-series relations:$$\documentclass[12pt]{minimal}
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### Proof {#FPar103}

The hypergeometric *L*-series were computed explicitly by Cohen \[[@CR13], Propositions 6.4 and 7.32\], and the above formulation follows directly from this computation. $\documentclass[12pt]{minimal}
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More generally, Naskręcki \[[@CR44]\] has given an explicit description for algebraic hypergeometric *L*-series of low degree defined over $\documentclass[12pt]{minimal}
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Proposition [4.7.2](#FPar102){ref-type="sec"}, plugged into our hypergeometric decomposition, gives an explicit decomposition of the polynomial $\documentclass[12pt]{minimal}
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### Corollary 4.7.4 {#FPar104}
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Corollary [4.7.4](#FPar104){ref-type="sec"} explains why the field of definition of the Picard group involves square roots of $\documentclass[12pt]{minimal}
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Applications to zeta functions {#Sec39}
------------------------------

To conclude, we give an application to zeta functions. In Sects. [2](#Sec8){ref-type="sec"} and [3](#Sec16){ref-type="sec"}, we established a relationship between the periods and the point counts for our collection of invertible K3 polynomial families and hypergeometric functions. In particular, both the periods and the point counts decompose naturally in terms of the group action into hypergeometric components.

It is easy to see that the zeta function is the characteristic polynomial of Frobenius acting on our cohomology (i.e., the collection of periods). In this sense, both Sects. [2](#Sec8){ref-type="sec"} and [3](#Sec16){ref-type="sec"} suggest that, as long as the group action and the action of Frobenius commute, the splitting of Frobenius by the group action translates into factors, each corresponding to the Frobenius acting only on a given isotypical component of the action. However, a priori we only know that this factorization over $\documentclass[12pt]{minimal}
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Thus, we have the following corollary of Main Theorem [1.4.1](#FPar1){ref-type="sec"}.

### Corollary 4.8.1 {#FPar105}

Assuming Conjecture [4.7.1](#FPar101){ref-type="sec"}, for smooth $\documentclass[12pt]{minimal}
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The factorization in Corollary [4.8.1](#FPar105){ref-type="sec"} is to be read as follows: For the family $\documentclass[12pt]{minimal}
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### Proof {#FPar106}

For each case, we need to identify the field of definition for the terms associated to hypergeometric functions other than $\documentclass[12pt]{minimal}
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### Example 4.8.3 {#FPar107}

Because the reciprocal roots of $\documentclass[12pt]{minimal}
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Appendix A. Remaining Picard--Fuchs equations {#Sec40}
=============================================

In this appendix, we provide the details in the computation of the remaining three pencils $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_{\psi } = Z(F_\psi ) \subset {\mathbb {P}}^3$$\end{document}$. There is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Z}}/8{\mathbb {Z}}$$\end{document}$ scaling symmetry of this family generated by the element$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g (x_0: x_1: x_2: x_3) = (\xi ^2 x_0: x_1: \xi x_2 : \xi ^5 x_3) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ is a primitive eighth root of unity. There are eight characters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi _k: H \rightarrow {\mathbb {C}}^\times $$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi _k(g) = \xi ^k$$\end{document}$. We can again decompose *V* into subspaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _k}$$\end{document}$ and write their monomial bases. Note that the monomial bases for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _1}, W_{\chi _3}, W_{\chi _5},$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _7}$$\end{document}$ are the same up to transpositions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_3$$\end{document}$ which leave the polynomial invariant; thus, they have the same Picard--Fuchs equations. The monomial bases for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _6}$$\end{document}$ are related by transposing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$, so they also have the same Picard--Fuchs equations. So, we are left with four types of monomial bases: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _0}$$\end{document}$ has monomial basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_0x_1x_2x_3\}$$\end{document}$;(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _1}$$\end{document}$ has monomial basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_2^2x_0x_3, x_0^2x_1x_3\}$$\end{document}$;(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _2}$$\end{document}$ has monomial basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_0^2x_2x_3, x_1^2x_2^2, x_1^2x_3^2\}$$\end{document}$; and(iv)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{\chi _4}$$\end{document}$ has monomial basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_0^2x_1^2,x_2^2x_3^2,x_2^2x_0x_1, x_3^2x_0x_1\}$$\end{document}$.Using ([2.3.3](#Equ22){ref-type=""}), we compute the following period relations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} {\mathbf {v}} + (4,0,0,0)&= \frac{1+v_0}{4(\omega + 1)} {\mathbf {v}} + \psi ({\mathbf {v}}+(1,1,1,1)), \\ {\mathbf {v}} + (0,4,0,0)&= \frac{1+v_1}{4(\omega + 1)} {\mathbf {v}} + \psi ({\mathbf {v}}+(1,1,1,1)), \\ {\mathbf {v}} + (0,0,3,1)&= \frac{3(v_2+1)-(v_3+1)}{8(\omega + 1)} {\mathbf {v}} + \psi ({\mathbf {v}}+(1,1,1,1)), \\ {\mathbf {v}} + (0,0,1,3)&= \frac{-(v_2+1) + 3(v_3+1)}{8(\omega + 1)} {\mathbf {v}} + \psi ({\mathbf {v}}+(1,1,1,1)). \end{aligned} \end{aligned}$$\end{document}$$We can now use the diagram method to prove the following proposition.

### Proposition A.1.2 {#FPar108}
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                \begin{document}$$\begin{aligned} \begin{aligned} 3 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4}\right) , \\ 2 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{3}{4} ; 1, \tfrac{1}{2} \,|\,\psi ^{-4}\right) , \\ 2 \text { periods are annihilated by } D\left( \tfrac{1}{2} ; 1 \,|\,\psi ^{4}\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{1}{8}, \tfrac{5}{8} ; 1, \tfrac{1}{4} \,|\,\psi ^{4}\right) , \text {and } \\ 4 \text { periods are annihilated by } D\left( \tfrac{-3}{8}, \tfrac{1}{8} ; 0, \tfrac{1}{4} \,|\,\psi ^{4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

We consider each of these in turn.

### Lemma A.1.3 {#FPar109}

The Picard--Fuchs equation associated to the periods $\documentclass[12pt]{minimal}
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### Proof {#FPar110}

For the periods (2, 2, 0, 0) and (0, 0, 2, 2), corresponding to the quartic monomials $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \left[ (\eta -2)\eta - \psi ^4(\eta +3)(\eta +1) \right] . \end{aligned} \end{aligned}$$\end{document}$$By multiplying by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and substituting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t = \psi ^{-4}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta = t \displaystyle {\frac{\mathrm {d}}{\mathrm {d}t}} = -\eta /4$$\end{document}$, we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Lemma A.1.6 {#FPar111}
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### Lemma A.1.8 {#FPar113}

The Picard--Fuchs equations associated to the periods $\documentclass[12pt]{minimal}
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### Proof of Proposition 2.7.1 {#FPar115}
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### Proposition A.2.2 {#FPar116}
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To prove Proposition [A.2.2](#FPar116){ref-type="sec"}, we use the diagram method above in a few cases and then use symmetry. We first do two calculations.

### Lemma A.2.3 {#FPar117}

The Picard--Fuchs equation associated to the periods (2, 1, 1, 0), (1, 0, 1, 2), (1, 2, 0, 1),  and (0, 1, 2, 1) is the hypergeometric differential equation $\documentclass[12pt]{minimal}
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                \begin{document}$$D(\tfrac{1}{8}, \tfrac{3}{8}, \tfrac{5}{8}, \tfrac{7}{8} ; 0, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\,\psi ^{4})$$\end{document}$.

### Proof {#FPar118}

To find the Picard--Fuchs equations corresponding to all these cohomology pieces, we use the diagramWe obtain the following relations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \eta (1,0,1,2)&= \psi \left( \eta +\tfrac{1}{2}\right) (2,1,1,0), \\ \eta (1,2,0,1)&= \psi \left( \eta +\tfrac{1}{2}\right) (1,0,1,2), \\ \eta (0,1,2,1)&= \psi \left( \eta +\tfrac{1}{2}\right) (1,2,0,1), \\ \eta (2,1,1,0)&= \psi \left( \eta +\tfrac{1}{2}\right) (0,1,2,1). \end{aligned} \end{aligned}$$\end{document}$$Using these relations, we can get the Picard--Fuchs equation:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ (\eta -3) (\eta -2)(\eta -1) \eta - \psi ^4\left( \eta + \tfrac{7}{2}\right) \left( \eta + \tfrac{5}{2}\right) \left( \eta + \tfrac{3}{2} \right) \left( \eta + \tfrac{1}{2}\right) \right] (1,0,1,2) = 0. \end{aligned}$$\end{document}$$By substituting $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left[ (4\sigma -3) (4\sigma -2)(4\sigma -1) 4\sigma - u\left( 4\sigma + \tfrac{7}{2}\right) \left( \eta + \tfrac{5}{2}\right) \left( 4\sigma + \tfrac{3}{2} \right) \left( 4\sigma + \tfrac{1}{2}\right) \right] \\&\quad \cdot (1,0,1,2) = 0, \\&\left[ (\sigma -\tfrac{3}{4}) (\sigma -\tfrac{1}{2})(\sigma -\tfrac{1}{4}) \sigma - u\left( \sigma + \tfrac{7}{8}\right) \left( \sigma + \tfrac{5}{8}\right) \left( \sigma + \tfrac{3}{8} \right) \left( \sigma + \tfrac{1}{8}\right) \right] \\&\quad \cdot (1,0,1,2) = 0, \end{aligned}$$\end{document}$$which is the hypergeometric differential equation $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$D(\tfrac{1}{8}, \tfrac{3}{8}, \tfrac{5}{8}, \tfrac{7}{8} ; 0, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\,\psi ^{4})$$\end{document}$. The other three Picard--Fuchs equations are the same due to the symmetry in ([A.2.4](#Equ149){ref-type=""}). $\documentclass[12pt]{minimal}
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### Lemma A.2.6 {#FPar119}

The Picard--Fuchs equation associated to the periods (2, 2, 0, 0) and (0, 0, 2, 2) is the hypergeometric differential equation $\documentclass[12pt]{minimal}
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                \begin{document}$$D(\tfrac{1}{4}, \tfrac{3}{4} ; 1, \tfrac{1}{2} \,|\,\psi ^{4})$$\end{document}$.

### Proof {#FPar120}

We use the diagramWe obtain the following relations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \eta (0,0,2,2)&= \psi ^2(\eta + 1) (2,2,0,0),\\ \eta (2,2,0,0)&= \psi ^2(\eta + 1) (0,0,2,2), \end{aligned} \end{aligned}$$\end{document}$$giving the following Picard--Fuchs equations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \left[ (\eta -2)\eta - \psi ^4 \left( \eta + 3\right) \left( \eta + 1\right) \right] (2,2,0,0)&= 0,\\ \left[ (\eta -2)\eta - \psi ^4 \left( \eta + 3\right) \left( \eta + 1\right) \right] (0,0,2,2)&= 0; \end{aligned} \end{aligned}$$\end{document}$$By substituting $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma = u\tfrac{\mathrm {d}}{\mathrm {d}u} = \tfrac{1}{4} \eta $$\end{document}$, we obtain the hypergeometric form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ \left( \sigma -\tfrac{1}{2}\right) \sigma -u \left( \sigma + \tfrac{3}{4}\right) \left( \sigma + \tfrac{1}{4}\right) \right] \left( 2,2,0,0\right) = 0,\\ \left[ \left( \sigma -\tfrac{1}{2}\right) \sigma -u \left( \sigma + \tfrac{3}{4}\right) \left( \sigma + \tfrac{1}{4}\right) \right] \left( 0,0,2,2\right) = 0, \end{aligned}$$\end{document}$$which is the hypergeometric differential equation $\documentclass[12pt]{minimal}
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### Proof of Proposition A.2.2 {#FPar121}

The first three periods are the same for each family. Next, by Lemma [A.2.3](#FPar117){ref-type="sec"}, all the monomial basis elements in $\documentclass[12pt]{minimal}
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Finally, we consider$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_{\psi } :=x_0^3x_1+x_1^3x_2 + x_2^3 x_3 + x_3^3x_0 - 4\psi x_0x_1x_2x_3, \end{aligned}$$\end{document}$$that defines the pencil of projective hypersurfaces $\documentclass[12pt]{minimal}
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### Proposition A.3.2 {#FPar122}

For the family $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} 3 \text { periods are annihilated by } D\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} ; 1, 1, 1 \,|\,\psi ^{-4}\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{1}{5}, \tfrac{2}{5}, \tfrac{3}{5}, \tfrac{4}{5}; 1, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\, \psi ^4\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{-1}{5}, \tfrac{1}{5}, \tfrac{2}{5}, \tfrac{3}{5}; 0, \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4} \,|\,\psi ^4\right) , \\ 4 \text { periods are annihilated by } D\left( \tfrac{-2}{5}, \tfrac{-1}{5}, \tfrac{1}{5}, \tfrac{2}{5}; \tfrac{-1}{4}, 0, \tfrac{1}{4}, \tfrac{1}{2} \,|\,\psi ^4\right) , \text {and} \\ 4 \text { periods are annihilated by } D\left( \tfrac{-3}{5}, \tfrac{-2}{5}, \tfrac{-1}{5}, \tfrac{1}{5}; \tfrac{-1}{2}, \tfrac{-1}{4}, 0, \tfrac{1}{4} \,|\,\psi ^4\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Proof {#FPar123}

The period associated to the holomorphic form is found by the same strategy as before.

Lastly, we use ([A.3.1](#Equ153){ref-type=""}) to construct the diagram:and consequently obtain the following relations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \eta (1,1,2,0)&= \psi \left( \eta + \tfrac{2}{5}\right) (2,2,0,0), \\ \eta (1,0,1,2)&= \psi \left( \eta + \tfrac{1}{5}\right) (1,1,2,0), \\ \eta (0,2,1,1)&= \psi \left( \eta + \tfrac{4}{5}\right) (1,0,1,2), \\ \eta (2,2,0,0)&= \psi \left( \eta + \tfrac{3}{5}\right) (0,2,1,1). \end{aligned} \end{aligned}$$\end{document}$$We then cyclically use these relations to find a recursion which yields the following Picard--Fuchs equations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \left[ \left( \eta + \tfrac{16}{5}\right) \left( \eta + \tfrac{12}{5}\right) \left( \eta + \tfrac{8}{5}\right) \left( \eta + \tfrac{4}{5}\right) - \tfrac{1}{\psi ^4} (\eta -3)(\eta -2)(\eta -1)\eta \right] (1,0,1,2)&=0, \\ \left[ \left( \eta + \tfrac{17}{5}\right) \left( \eta + \tfrac{13}{5}\right) \left( \eta + \tfrac{9}{5}\right) \left( \eta + \tfrac{1}{5}\right) - \tfrac{1}{\psi ^4} (\eta -3)(\eta -2)(\eta -1)\eta \right] (1,1,2,0)&= 0, \\ \left[ \left( \eta + \tfrac{18}{5}\right) \left( \eta + \tfrac{14}{5}\right) \left( \eta + \tfrac{6}{5}\right) \left( \eta + \tfrac{2}{5}\right) - \tfrac{1}{\psi ^4} (\eta -3)(\eta -2)(\eta -1)\eta \right] (2,2,0,0)&=0, \\ \left[ \left( \eta + \tfrac{19}{5}\right) \left( \eta + \tfrac{11}{5}\right) \left( \eta + \tfrac{7}{5}\right) \left( \eta + \tfrac{3}{5}\right) - \tfrac{1}{\psi ^4} (\eta -3)(\eta -2)(\eta -1)\eta \right] (0,2,1,1)&=0. \end{aligned} \end{aligned}$$\end{document}$$By multiplying these lines by 1, $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left[ \left( \sigma -\tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{2}\right) \left( \sigma -\tfrac{1}{4}\right) \sigma - u\left( \sigma + \tfrac{4}{5}\right) \left( \sigma + \tfrac{3}{5}\right) \left( \sigma + \tfrac{2}{5}\right) \left( \sigma + \tfrac{1}{5}\right) \right] \\&\quad \cdot \left( 1,0,1,2\right) =0 \\&\left[ \left( \sigma -1\right) \left( \sigma -\tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{2}\right) \left( \sigma -\tfrac{1}{4}\right) - u\left( \sigma + \tfrac{3}{5}\right) \left( \sigma + \tfrac{2}{5}\right) \left( \sigma + \tfrac{1}{5}\right) \left( \sigma - \tfrac{1}{5}\right) \right] \psi \\&\quad \cdot \left( 1,1,2,0\right) = 0 \\&\left[ \left( \sigma -\tfrac{5}{4}\right) \left( \sigma -1\right) \left( \sigma -\tfrac{3}{4}\right) \left( \sigma -\tfrac{1}{2}\right) - u\left( \sigma + \tfrac{2}{5}\right) \left( \sigma + \tfrac{1}{5}\right) \left( \sigma - \tfrac{1}{5}\right) \left( \sigma - \tfrac{2}{5}\right) \right] \psi ^2\\&\quad \cdot \left( 2,2,0,0\right) =0\\&\left[ \left( \sigma -\tfrac{3}{2}\right) \left( \sigma -\tfrac{5}{4}\right) \left( \sigma -1\right) \left( \sigma -\tfrac{3}{4}\right) - u\left( \sigma + \tfrac{1}{5}\right) \left( \sigma - \tfrac{1}{5}\right) \left( \sigma - \tfrac{2}{5}\right) \left( \sigma - \tfrac{3}{5}\right) \right] \psi ^3\\&\quad \cdot \left( 0,2,1,1\right) =0. \end{aligned}$$\end{document}$$These are the claimed hypergeometric differential equations. $\documentclass[12pt]{minimal}
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Appendix B. Finite-field hypergeometric sums {#Sec44}
============================================

In this Appendix, we write down the details of manipulations of hypergeometric sums.

B.1. Hybrid definition {#Sec45}
----------------------

In this section, we apply the argument of Beukers--Cohen--Mellit to show that the hybrid definition of the finite-field hypergeometric sum reduces to the classical one. We retain the notation from Sects. [3.1](#Sec17){ref-type="sec"}--[3.2](#Sec18){ref-type="sec"}.

### Lemma B.1.1 {#FPar124}
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### Proof {#FPar125}

Our proof follows Beukers--Cohen--Mellit \[[@CR3], Theorem 1.3\]. We consider$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&G(m+\varvec{\alpha }'q^{\times },-m-\varvec{\beta }'q^{\times }) \\&\quad = \left( \prod _{i=1}^r \prod _{j=0}^{p_i-1} \frac{g(m+ jq^{\times }\,/p_i)}{g(jq^{\times }\,/p_i)}\right) \left( \prod _{i=1}^s \prod _{j=0}^{q_i-1} \frac{g(-m-jq^{\times }\,/q_i)}{g(-jq^{\times }\,/q_i)}\right) \prod _{j=1}^\delta \frac{g(c_j)g(-c_j)}{g(m+c_j) g(-m-c_j)}. \end{aligned} \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_i$$\end{document}$ divides $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^{\times }$$\end{document}$, by the Hasse--Davenport relation (Lemma [3.1.3](#FPar30){ref-type="sec"}(c)) we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{j=0}^{p_i-1} \frac{g(m+ jq^{\times }\,/p_i)}{g(jq^{\times }\,/p_i)} = \frac{-g(p_i m)}{\omega (p_i)^{p_im}}. \end{aligned}$$\end{document}$$Analogously, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_i$$\end{document}$ divides $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^{\times }$$\end{document}$, we use Hasse--Davenport to find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{j=0}^{q_i-1} \frac{g(-m-jq^{\times }\,/q_i)}{g(-jq^{\times }\,/q_i)} = -g(-q_i m) \omega (q_i)^{q_i m}. \end{aligned}$$\end{document}$$Note that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_j \ne 0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(c_j)g(-c_j) = (-1)^{c_j}q$$\end{document}$ and 1 otherwise, hence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{i=1}^\delta g(c_j)g(-c_j) = (-1)^{\sum c_j} q^{\delta - s(0)}, \end{aligned}$$\end{document}$$where *s*(0) is the multiplicity of 1 in *D*(*x*), or, equivalently, the number of times $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_j$$\end{document}$ is 0. Now, note the number of times that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m+c_j = 0$$\end{document}$ is the multiplicity of the root $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{-2\pi \sqrt{-1} m / q^{\times }}$$\end{document}$ in *D*(*x*), which, equivalently, is the multiplicity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{2\pi \sqrt{-1} m / q^{\times }}$$\end{document}$ in *D*(*x*) as *D*(*x*) is a product of cyclotomic polynomials. This implies that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{j=1}^\delta g(m+c_j)g(-m-c_j) = (-1)^{m+c_j} q^{\delta -\lambda (m)}. \end{aligned}$$\end{document}$$We then have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{j=1}^\delta \frac{g(c_j)g(-c_j)}{g(m+c_j) g(-m-c_j)} = \frac{ (-1)^{\sum _j c_j} q^{\delta - s(0)}}{ (-1)^{\sum _j(m+c_j)} q^{\delta -s(m)}} = (-1)^{-\delta m} q^{s(m) - s(0)}. \end{aligned}$$\end{document}$$Combining Eqs. ([B.1.3](#Equ157){ref-type=""}), ([B.1.4](#Equ158){ref-type=""}), and ([B.1.5](#Equ159){ref-type=""}), we then have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Proposition B.2.1 {#FPar126}
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### Remark B.2.2 {#FPar127}

Notice that the hypergeometric functions appearing in the point count correspond to the Picard--Fuchs equations in Proposition [2.7.1](#FPar23){ref-type="sec"}. We also see the appearance of six additional trivial factors.

### Step 1: Computing and clustering the characters {#Sec47}
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### Step 2: Counting points on the open subset with nonzero coordinates {#Sec48}

#### Lemma B.2.3 {#FPar128}
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                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+7+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) +qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\quad + 2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, \psi ^4\right) \\&\quad + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{3}{8}, \tfrac{7}{8}; 0, \tfrac{3}{4} \,|\, \psi ^4\right) \\&\quad - 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) - \tfrac{4}{q}g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{4}\right) \\&\quad - \tfrac{4}{q}g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{3q^{\times }}{4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

#### Proof {#FPar129}
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                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{s \in S_1} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_4} \omega \left( a\right) ^{-s} c_s \\&= \left( q^2-3q+3+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \right) + \\&\qquad -2 - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&= q^2-3q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) . \end{aligned} \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$q\not \equiv 1 \pmod 8$$\end{document}$, so by Lemmas [3.4.4](#FPar54){ref-type="sec"}, [3.4.7](#FPar56){ref-type="sec"}, [3.4.12](#FPar58){ref-type="sec"}, and [3.4.21](#FPar60){ref-type="sec"}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{s \in S_1} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_4} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_5} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_6} \omega \left( a\right) ^{-s} c_s \\&= \left( q^2-3q+3+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \right) \\&\quad + \left( 2 + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right) \\&\quad + \left( -1\right) ^{q^{\times }\,/4} q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + \left( -1\right) ^{q^{\times }\,/4} - \left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&\quad + \left( -1\right) ^{q^{\times }\,/4} q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + \left( -1\right) ^{q^{\times }\,/4} - \left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&= q^2-3q+3+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) )\\&\quad -2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) - 2 \left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) . \end{aligned} \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 8$$\end{document}$, then by Lemmas [3.4.4](#FPar54){ref-type="sec"}, [3.4.7](#FPar56){ref-type="sec"},  [3.4.12](#FPar58){ref-type="sec"}, [3.4.21](#FPar60){ref-type="sec"},  [B.2.12](#FPar132){ref-type="sec"}, and [B.2.17](#FPar134){ref-type="sec"}, we have:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{s \in S_1} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_4} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_5} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_6} \omega \left( a\right) ^{-s} c_s \\&\quad + \sum _{s \in S_{10}} \omega \left( a\right) ^{-s} c_s + \sum _{s \in S_{11}} \omega \left( a\right) ^{-s} c_s \\&= \left( q^2-3q+3+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \right) \\&\quad + \left( 2 + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right) \\&\quad + 2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + 2 - 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&\quad + 2\omega \left( 2\right) ^{q^{\times }\,/4} qH_q\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, \psi ^4\right) + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{3}{8}, \tfrac{7}{8}; 0, \tfrac{3}{4} \,|\, \psi ^4\right) \\&\quad - \tfrac{4}{q}g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{4}\right) - \tfrac{4}{q}g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{3q^{\times }}{4}\right) \\&= q^2-3q+7+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) +qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\quad + 2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + 2\omega \left( 2\right) ^{q^{\times }\,/4} qH_q\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, \psi ^4\right) \\&\quad + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{3}{8}, \tfrac{7}{8}; 0, \tfrac{3}{4} \,|\, \psi ^4\right) - 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&\quad - \tfrac{4}{q}g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{4}\right) - \tfrac{4}{q}g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{3q^{\times }}{4}\right) \end{aligned} \end{aligned}$$\end{document}$$as claimed. $\documentclass[12pt]{minimal}
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Before proving the lemmas that associate the quantities $\documentclass[12pt]{minimal}
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#### Lemma B.2.10 {#FPar130}
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                \begin{document}$$\begin{aligned} \frac{g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) }{g\left( \tfrac{q^{\times }}{2}\right) } = \omega \left( 2\right) ^{q^{\times }\,/4} q. \end{aligned}$$\end{document}$$

#### Proof {#FPar131}
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#### Lemma B.2.12 {#FPar132}
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                \begin{document}$$\begin{aligned}&\sum _{s \in S_{10}} \omega \left( a\right) ^{-s} c_s = \omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, \psi ^4\right) - \frac{1}{q}g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{4}\right) \\&\quad - \frac{1}{q}g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{3q^{\times }}{4}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar133}

First, we take the definition of the sum and take out all terms that are of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_{10}} \omega \left( a\right) ^{-s} c_s&= \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) \\&\quad - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) \\&\quad + \frac{1}{qq^{\times }} g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{8}\right) \\&\quad + \frac{1}{qq^{\times }} \sum _{{\mathop {4k\not \equiv 0~({\text {mod}}~{q^{\times }})}\limits ^{k=0}}}^{q-2}\omega \left( 4\psi \right) ^{4k}g\left( k\right) \\&\quad \cdot g\left( k+\tfrac{q^{\times }}{4}\right) g\left( k + \tfrac{q^{\times }}{8}\right) g\left( k+\tfrac{5q^{\times }}{8}\right) g\left( -4k\right) . \end{aligned} \end{aligned}$$\end{document}$$Next, we use the Hasse--Davenport relationship to expand $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_{10}} \omega \left( a\right) ^{-s} c_s&= \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) \\&\quad - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) \\&\quad + \frac{1}{qq^{\times }} g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{8}\right) \\&\quad + \frac{1}{q^{\times }} \sum _{{\mathop {4k\not \equiv 0~({\text {mod}}~{q^{\times }})}\limits ^{k=0}}}^{q-2} \omega \left( \psi \right) ^{4k} \\&\quad \cdot \frac{g\left( k+\tfrac{q^{\times }}{8}\right) g\left( k+\tfrac{5q^{\times }}{8}\right) g\left( -k+\tfrac{q^{\times }}{4}\right) g\left( -k+\tfrac{q^{\times }}{2}\right) }{g\left( \tfrac{q^{\times }}{2}\right) }. \end{aligned} \end{aligned}$$\end{document}$$Here, we reindex the summation by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(\tfrac{q^{\times }}{2})$$\end{document}$. We then apply Lemma [B.2.10](#FPar130){ref-type="sec"} to this factor ahead of the summation. We thus obtain:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_{10}} \omega \left( a\right) ^{-s} c_s&= \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) \nonumber \\&\quad - \frac{1}{qq^{\times }} g\left( \tfrac{q^{\times }}{2}\right) g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) \nonumber \\&\quad + \frac{1}{qq^{\times }} g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{8}\right) \nonumber \\&\quad - \frac{ \omega \left( 2\right) ^{q^{\times }\,/4} q}{q^{\times }} \sum _{{\mathop {4m\not \equiv 0~({\text {mod}}~{q^{\times }})}\limits ^{m=0}}}^{q-2} \omega \left( \psi \right) ^{4m} \nonumber \\&\quad \cdot \frac{g\left( m+\tfrac{q^{\times }}{8}\right) g\left( m+\tfrac{5q^{\times }}{8}\right) g\left( -m-\tfrac{q^{\times }}{4}\right) g\left( -m\right) }{g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( -\tfrac{q^{\times }}{4}\right) g\left( 0\right) }. \end{aligned}$$\end{document}$$By comparing terms of the summations above and the hypergeometric function itself, we obtain the desired result. $\documentclass[12pt]{minimal}
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#### Lemma B.2.17 {#FPar134}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\sum _{s \in S_{11}} \omega \left( a\right) ^{-s} c_s = \omega \left( 2\right) ^{q^{\times }\,/4} qH_q\left( \tfrac{3}{8}, \tfrac{7}{8}; 0, \tfrac{3}{4} \,|\, \psi ^4\right) \\&\quad - \frac{1}{q}g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{4}\right) - \frac{1}{q}g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{3q^{\times }}{4}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar135}

The proof is analogous to the proof in Lemma [B.2.12](#FPar132){ref-type="sec"} except we substitute $\documentclass[12pt]{minimal}
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### Step 3: Count points when at least one coordinate is zero {#Sec49}

#### Lemma B.2.18 {#FPar136}

The following statements hold. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right) - \#U_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= 10q - 6 + 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&\quad + \tfrac{4}{q}g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) \\&\quad + \tfrac{4}{q}g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar137}

We do this case by case. If $\documentclass[12pt]{minimal}
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### Step 4: Combine Steps 2 and 3 to reach the conclusion {#Sec50}

#### Proof of Proposition 3.6.1 {#FPar138}

We now combine Lemmas [B.2.3](#FPar128){ref-type="sec"} and [B.2.18](#FPar136){ref-type="sec"} as follows. For (a), for $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 5 \pmod 8$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&=q^2-3q+3+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\quad -2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) - 2 \left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&\quad + 2q-2 + 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&= q^2-q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \\&\quad + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) -2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) \end{aligned}$$\end{document}$$Finally, for (c) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 8$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\#X_{{\mathsf {F}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right) = q^2-3q+5+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) +qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\qquad + 2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, \psi ^4\right) \\&\qquad + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{3}{8}, \tfrac{7}{8}; 0, \tfrac{3}{4} \,|\, \psi ^4\right) \\&\qquad - 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) \\&\qquad - \tfrac{4}{q}g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) g\left( \tfrac{q^{\times }}{4}\right) - \tfrac{4}{q}g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) g\left( \tfrac{3q^{\times }}{4}\right) \\&\qquad + 10q - 6 + 2\left( \frac{g\left( \tfrac{q^{\times }}{4}\right) ^2 + g\left( \tfrac{3q^{\times }}{4}\right) ^2}{g\left( \tfrac{q^{\times }}{2}\right) }\right) + \tfrac{4}{q}g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{q^{\times }}{8}\right) g\left( \tfrac{5q^{\times }}{8}\right) \\&\qquad + \tfrac{4}{q}g\left( \tfrac{3q^{\times }}{4}\right) g\left( \tfrac{3q^{\times }}{8}\right) g\left( \tfrac{7q^{\times }}{8}\right) \\&\quad = q^2+7q +1 +H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) +qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\qquad + 2q H_q\left( \tfrac{1}{2}; 0 \,|\, \psi ^{-4}\right) + 2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{1}{8}, \tfrac{5}{8}; 0, \tfrac{1}{4} \,|\, \psi ^4\right) \\&\qquad +2\omega \left( 2\right) ^{q^{\times }\,/4}qH_q\left( \tfrac{3}{8}, \tfrac{7}{8}; 0, \tfrac{3}{4} \,|\, \psi ^4\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

B.3. The pencil $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_2{\mathsf {L}}_2$$\end{document}$ {#Sec51}
---------------------------------------------------------------------------------

### Proposition B.3.1 {#FPar139}

The number of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_q$$\end{document}$-points on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {L}}_2{\mathsf {L}}_2$$\end{document}$ can be written in terms of hypergeometric functions, as follows: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 3\pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#X_{{\mathsf {L}}_2{\mathsf {L}}_2,\psi }\left( {\mathbb {F}}_q\right) = q^2 + q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1\pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#X_{{\mathsf {L}}_2{\mathsf {L}}_2,\psi }\left( {\mathbb {F}}_q\right)&= q^2+9q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\quad + 2 \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

### Remark B.3.4 {#FPar140}

Again, notice that the hypergeometric functions appearing in the point count correspond to exactly one of the Picard--Fuchs equations in Proposition [A.2.2](#FPar116){ref-type="sec"}. We also see the appearance of eight additional trivial factors.

### Step 1: Computing and clustering the characters {#Sec52}

As with all the previous families, we first compute the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S$$\end{document}$ of solutions to the system of congruences given by Theorem [3.3.3](#FPar50){ref-type="sec"}: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\not \equiv 1\pmod 4$$\end{document}$, and *q* is odd, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S$$\end{document}$ consists of (i)the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1 = \{k(1,1,1,1,-4) : k \in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\}$$\end{document}$ and(ii)the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_4 = \{k(1,1,1,1,-4) + \tfrac{q^{\times }}{2}(0,0,1,1,0) : k \in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\}. $$\end{document}$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 4$$\end{document}$, then (i)the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1 = \{k(1,1,1,1,-4) : k \in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\},$$\end{document}$(ii)the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_4 = \{k(1,1,1,1,-4) + \tfrac{q^{\times }}{2}(0,0,1,1,0) : k \in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\}, $$\end{document}$ and(iii)two sets of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{12} = \{k(1,1,1,1,-4) + \tfrac{q^{\times }}{4}(0,2,3,1,2) : k \in {\mathbb {Z}}/q^{\times }{\mathbb {Z}}\}$$\end{document}$.

### Step 2: Counting points on the open subset with nonzero coordinates {#Sec53}

#### Lemma B.3.5 {#FPar141}

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in {\mathbb {F}}_q^\times $$\end{document}$. For *q*, we have: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 3\pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right) = q^2 -3q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1\pmod 4$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+5 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&\qquad + 2 \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) . \end{aligned} \end{aligned}$$\end{document}$$

#### Proof {#FPar142}

We do this by cases. For (a), where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 3 \pmod 4$$\end{document}$, then by using Theorem [3.3.3](#FPar50){ref-type="sec"} with Lemmas [3.4.4](#FPar54){ref-type="sec"} and [3.4.7](#FPar56){ref-type="sec"} we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \#U_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{s \in S_1} \omega \left( a\right) ^{-s}c_s + \sum _{s \in S_4} \omega \left( a\right) ^{-s}c_s \\&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) -2 - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \\&= q^2 -3q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) . \end{aligned} \end{aligned}$$\end{document}$$For (b) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1 \pmod 4$$\end{document}$, by using Theorem [3.3.3](#FPar50){ref-type="sec"} with Lemmas [3.4.4](#FPar54){ref-type="sec"}, [3.4.7](#FPar56){ref-type="sec"}, and [B.3.10](#FPar143){ref-type="sec"} below, we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)&= \sum _{s \in S_1} \omega \left( a\right) ^{-s}c_s + \sum _{s \in S_4} \omega \left( a\right) ^{-s}c_s +2\sum _{s \in S_{12}} \omega \left( a\right) ^{-s}c_s \nonumber \\&= q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + 2 + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \nonumber \\&\quad + 2 \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \frac{1}{8},\frac{3}{8},\frac{5}{8},\frac{7}{8};0,\frac{1}{4},\frac{1}{2},\frac{3}{4}\,|\,\psi ^{-4}\right) \nonumber \\&= q^2-3q+5 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \nonumber \\&\quad + 2 \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

#### Lemma B.3.10 {#FPar143}

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \equiv 1 \pmod 4$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_{12}} \omega \left( a\right) ^{-s} c_s = \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar144}

We start with the definition, factor out $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega (\psi )^{q^{\times }\,/2}$$\end{document}$, and then use the Hasse--Davenport relation ([3.1.4](#Equ60){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=4$$\end{document}$ with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=k$$\end{document}$ to obtain:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_{12}} \omega \left( a\right) ^{-s} c_s&= \frac{1}{qq^{\times }} \sum _{k=0}^{q-2} \omega \left( -4\psi \right) ^{4k + \tfrac{q^{\times }}{2}} g\left( k\right) g\left( k+ \tfrac{q^{\times }}{4}\right) g\left( k+\tfrac{q^{\times }}{2}\right) \\&\quad \cdot g\left( k+\tfrac{3q^{\times }}{4}\right) g\left( -4k+\tfrac{q^{\times }}{2}\right) \\&= \frac{\omega \left( \psi \right) ^{q^{\times }\,/2}}{qq^{\times }} \sum _{k=0}^{q-2} \omega \left( -4\psi \right) ^{4k} g\left( 4k\right) \omega \left( 4\right) ^{-4k} g\left( \tfrac{q^{\times }}{2}\right) \\&\quad \cdot g\left( \tfrac{q^{\times }}{4}\right) g\left( \tfrac{3q^{\times }}{4}\right) g\left( -4k+\tfrac{q^{\times }}{2}\right) . \end{aligned} \end{aligned}$$\end{document}$$Simplify with Lemma [3.1.3](#FPar30){ref-type="sec"}(b) to get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_{12}} \omega \left( a\right) ^{-s} c_s = \frac{\left( -1\right) ^{q^{\times }\,/4}\omega \left( \psi \right) ^{q^{\times }\,/2}}{q-1} \sum _{k=0}^{q-2} \omega \left( -\psi \right) ^{4k} g\left( 4k\right) g\left( \tfrac{q^{\times }}{2}\right) g\left( -4k+\tfrac{q^{\times }}{2}\right) . \end{aligned}$$\end{document}$$Now, we use the Hasse--Davenport relation again with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=-4k$$\end{document}$ to find:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{s \in S_{12}} \omega \left( a\right) ^{-s} c_s= & {} \frac{\left( -1\right) ^{q^{\times }\,/4}\omega \left( \psi \right) ^{q^{\times }\,/2}}{q-1} \sum _{k=0}^{q-2} \omega \left( -\psi \right) ^{4k} g\left( 4k\right) g\left( \tfrac{q^{\times }}{2}\right) \nonumber \\&\cdot \left( \frac{g\left( -8k\right) g\left( \tfrac{q^{\times }}{2}\right) \omega \left( 2\right) ^{8k}}{g\left( -4k\right) }\right) . \end{aligned}$$\end{document}$$We now simplify using Lemma [3.1.3](#FPar30){ref-type="sec"}(b) again and then expand the summation to get:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_{12}} \omega (a)^{-s} c_s&= (-1)^{q^{\times }\,/4}\omega (\psi )^{q^{\times }\,/2}q \\&\quad \cdot \left( -\frac{4}{q^{\times }} + \frac{1}{q^{\times }} \sum _{{\mathop {4k \not \equiv 0 ~({\text {mod}}~{q^{\times }})}\limits ^{k=0}}}^{q-2} \omega (4\psi )^{4k} q^{-1}g(4k)^2g(-8k) \right) . \end{aligned} \end{aligned}$$\end{document}$$We finally reindex the sum with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \sum _{s \in S_{12}} \omega (a)^{-s} c_s&= (-1)^{q^{\times }\,/4}\omega (\psi )^{q^{\times }\,/2}\\&\quad \cdot q\left( -\frac{4}{q^{\times }} + \frac{1}{q^{\times }} \sum _{{\mathop {4m \not \equiv 0 ~({\text {mod}}~{q^{\times }})}\limits ^{m=0}}}^{q-2} \omega (4\psi )^{-4m} q^{-1}g(-4m)^2g(8m) \right) \\&= (-1)^{q^{\times }\,/4}\omega (\psi )^{q^{\times }\,/2}q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) \end{aligned} \end{aligned}$$\end{document}$$relating back to the finite-field hypergeometric sum. $\documentclass[12pt]{minimal}
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### Step 3: Count points when at least one coordinate is zero {#Sec54}

#### Lemma B.3.16 {#FPar145}

Let *q* be an odd prime that is not 7. Then If $\documentclass[12pt]{minimal}
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#### Proof {#FPar146}
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                \begin{document}$$\begin{aligned} \#X_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right) - \#U_{{\mathsf {L}}_2{\mathsf {L}}_2, \psi }\left( {\mathbb {F}}_q\right)= & {} 4\left( q-1\right) \left( \left( -1\right) ^{q^{\times }\,/2} +1\right) + 2\left( \left( -1\right) ^{q^{\times }\,/2} +1\right) \\&+ 4\left( q-1\right) + 4. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
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### Step 4: Combine Steps 2 and 3 to reach the conclusion {#Sec55}

#### Proof of Proposition 3.6.2 {#FPar147}
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                \begin{document}$$\begin{aligned} \#X_{{\mathsf {L}}_2{\mathsf {L}}_2,\psi }\left( {\mathbb {F}}_q\right)= & {} \left( q^2 -3q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) - qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \right) \nonumber \\&+ 4q= q^2 + q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) \nonumber \\&- qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) . \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$$q \equiv 1 \pmod 4$$\end{document}$, then by Lemmas [B.3.5](#FPar141){ref-type="sec"} and [B.3.16](#FPar145){ref-type="sec"}, we have that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \#X_{{\mathsf {L}}_2{\mathsf {L}}_2,\psi }\left( {\mathbb {F}}_q\right)&= q^2-3q+5 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \nonumber \\&\quad + 2 \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) + 12q-4 \nonumber \\&= q^2+9q+1 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + qH_q\left( \tfrac{1}{4}, \tfrac{3}{4}; 0, \tfrac{1}{2} \,|\, \psi ^{-4}\right) \nonumber \\&\quad + 2 \left( -1\right) ^{q^{\times }\,/4} \omega \left( \psi \right) ^{q^{\times }\,/2} q H_q\left( \tfrac{1}{8},\tfrac{3}{8},\tfrac{5}{8},\tfrac{7}{8};0,\tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4}\,|\,\psi ^{-4}\right) . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
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------------------------------------------------------------------

### Proposition B.4.1 {#FPar148}
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                \begin{document}$$\begin{aligned} \#X_{{\mathsf {L}}_4,\psi }({\mathbb {F}}_q)= & {} q^2+3q+1+H_q\left( \tfrac{1}{4},\tfrac{1}{2},\tfrac{3}{4};0,0,0\,|\,\psi ^{-4}\right) \\&+4qH_q\left( \tfrac{1}{5},\tfrac{2}{5}, \tfrac{3}{5},\tfrac{4}{5} ;0, \tfrac{1}{4},\tfrac{1}{2}, \tfrac{3}{4}\,|\,\psi ^{4}\right) . \end{aligned}$$\end{document}$$

### Remark B.4.2 {#FPar149}

As before, we can identify the parameters of the hypergeometric function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_q\left( \tfrac{1}{5},\tfrac{2}{5}, \tfrac{3}{5},\tfrac{4}{5} ;0, \tfrac{1}{4},\tfrac{1}{2}, \tfrac{3}{4}\,|\,\psi ^{4}\right) \end{aligned}$$\end{document}$$with the parameters of the second Picard--Fuchs equation in Proposition [A.3.2](#FPar122){ref-type="sec"}. If we use Theorem 3.4 of \[[@CR3]\] again to shift parameters, then we see that in fact all of the Picard--Fuchs equations satisfied by the non-holomorphic periods correspond to this same hypergeometric motive over $\documentclass[12pt]{minimal}
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Also notice that in the discussion following Proposition [A.3.2](#FPar122){ref-type="sec"}, we see two periods that are "missed" by the Griffiths--Dwork method, and here they clearly correspond to the two additional trivial factors coming from the 3*q* term in the point count.

### Step 1: Computing and clustering the characters {#Sec57}

Again, we compute the solutions to the system of congruences given by Theorem [3.3.3](#FPar50){ref-type="sec"}. We obtain If $\documentclass[12pt]{minimal}
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### Step 2: Counting points on the open subset with nonzero coordinates {#Sec58}

#### Lemma B.4.3 {#FPar150}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\equiv 1\pmod 5$$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \#U_{{\mathsf {L}}_4, \psi }\left( {\mathbb {F}}_q\right) = q^2-3q+3 + H_q\left( \tfrac{1}{4}, \tfrac{1}{2}, \tfrac{3}{4}; 0,0,0 \,|\, \psi ^{-4}\right) + 4q H_q\left( \tfrac{1}{5},\tfrac{2}{5}, \tfrac{3}{5},\tfrac{4}{5} ;0, \tfrac{1}{4},\tfrac{1}{2}, \tfrac{3}{4}\,|\,\psi ^{4}\right) . \end{aligned}$$\end{document}$$

#### Proof {#FPar151}
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#### Proof {#FPar153}
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### Step 3: Count points when at least one coordinate is zero. {#Sec59}

#### Lemma B.4.11 {#FPar154}
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#### Proof {#FPar155}
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### Step 4: Combine Steps 2 and 3 to find conclusion {#Sec60}

We now prove Proposition [3.6.3](#FPar84){ref-type="sec"}.

#### Proof of Proposition 3.6.3 {#FPar156}
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